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Highlights

• A new meshfree approach to simulate free surface incompressible flows is proposed.
• The main features and details of the computational implementation of this approach are presented.
• Numerical results are reported and compared with published experimental results.
• This approach is promising for simulating free surface incompressible flows.

Abstract

This paper proposes a novel approach to solve free surface incompressible flows using Finite Pointset Method (FPM). Our
approach is based in the Chorin–Uzawa’s projection method and it corresponds to an extension of the work of Tiwari and Kuhnert
(2007) to solve general elliptic equations in a meshfree framework. The main features behind this approach, as well as details of
the computational implementation are presented. Finally, the numerical results of the simulation of some test problems using this
approach with first and second-order accuracy in time projection schemes are reported and compared with published experimental
and theoretical results which show that this approach is promising for simulating free surface incompressible flows.
c⃝ 2017 Elsevier B.V. All rights reserved.
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1. Introduction

Numerical simulation is commonly used to study and analyse complex and rapidly changing free surface flows
because it provides a large amount of detailed information that is difficult to obtain through other methods. Usually,
such simulations are based on traditional mesh-based methods such as Finite Element Method (FEM) [1], Finite
Difference Method (FDM) [2] and Finite Volume Method (FVM) [3], and they use Volume-of-Fluid Method (VOF)
to track free surfaces [4–6].
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Nevertheless, for this kind of problems numerical mesh-based techniques need to use remeshing approaches, which
are computationally expensive and lead to results with degraded accuracy [7]. This drawback stems from the need to
use a predefined mesh to solve the governing equations. Thus, the natural idea is to use numerical techniques that solve
complex problems without the construction of an element mesh. With this in mind, the so called meshfree methods
emerge [8,9]. These methods use a finite set of nodes scattered in the domain as well as on boundaries to represent the
problem domain and its boundaries. Also, in meshless methods any information about the relationship between the
nodes is needed to perform the interpolation of the required field variables, so they do not form a mesh [10].

One of these methods is the so called Finite Pointset Method (FPM) which is a truly meshfree generalized finite
difference method (GFDM) developed by J. Kuhnert [11] and has proven to be far superior to traditional mesh-based
and some other meshless methods to treat fluid dynamics problems with rapidly changing domains, free surface or
multiphase flows [12–17]. This is a Lagrangian strong-form method which uses the weighted least-squares (WLSM)
interpolation scheme to approximate the spatial derivatives and for solving elliptic partial differential equations [18].
It has many advantages over other methods since it is able to naturally and easily incorporate any kind of boundary
conditions and it is simpler to implement.

The governing equations for a free surface incompressible flow problem are the incompressible Navier–Stokes
equations. One of the most used algorithms to solve this set of equations in mesh-based and meshless frameworks
is the two-step Chorin’s projection method which allows a separate treatment of velocity and pressure fields [19].
However, the gain in efficiency by using Chorin’s projection method involves unphysical boundary conditions for the
pressure and also its low order of accuracy limits its potential for some practical applications [20]. Therefore, it is
natural to try to use projection schemes with higher orders of accuracy or schemes that reduce the impact of using
unphysical boundary conditions for the pressure.

Chorin–Uzawa’s improved projection method [21] is considered an improvement on the original formulation of
Chorin’s scheme in which the consequences of using the perturbation of the incompressibility constraint and the initial
guess for the pressure are eliminated. By other side, Van Kan’s projection scheme [22,23] is a method of second order
of accuracy that inherits all the advantages of Chorin’s projection scheme with a highly improved accuracy.

Therefore, in this paper we propose a new approach to solve free surface incompressible flows in GFDM,
particularly with Finite Pointset Method, considering the use of improved projection techniques of first and second-
order accuracy in time, which could reduce the constraints present in the original Chorin’s scheme. In order to get some
insight on its performance we compare the numerical simulation of some benchmark problems using this approach
with published experimental and theoretical data which show that this approach is promising for simulating free
surface incompressible flows.

The structure of the paper is as follows: Section 2 presents the governing partial differential equations (PDEs) for
a free surface incompressible flow. Section 3 presents the projection schemes that will be used with this approach
for the numerical solution of the corresponding PDEs. Section 4 describes the basic ideas behind FPM. Section 5
presents our novel approach to solve free surface incompressible flows using FPM. Numerical simulations of some
test problems with this approach as well as their comparisons with published experimental and theoretical results are
presented in Section 6 followed by some conclusions given in last section.

2. Governing equations

The governing equations of a free surface incompressible flow are the incompressible Navier–Stokes equations,
which in Lagrangian form and considering an approximately constant viscosity are given by the following system of
PDEs

Dv
Dt

= −
1
ρ

∇ p + ν∇
2v + f, (1)

∇ · v = 0, (2)

where ρ is the fluid density, p is the pressure, ν is the kinematic viscosity, f is the net acceleration vector due to all
body forces and v is the velocity. This system of equations is completed with the following set of initial and boundary
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conditions

v|t=0 = v0, (3)

v|∂Ω1
= 0, (4)

v · n|∂Ω2
= 0, (5)

∂ (v · ti )

∂n

⏐⏐⏐⏐
∂Ω2

= 0, (6)

(τ − Ip) n|∂Ω3
= σκn, (7)

tT
i τn

⏐⏐
∂Ω3

= 0, (8)

where ∂Ω1 is a solid wall boundary with no-slip condition, ∂Ω2 is a solid wall boundary with free-slip condition, ∂Ω3
is a free surface boundary, v0 is the initial velocity over the entire domain Ω , τ is the viscous stress tensor, σ is the
surface tension, κ is the free surface boundary curvature, n is an outward orthonormal vector and ti is a tangential
unitary vector to the boundary, for i = 1, 2.

3. Numerical schemes

The numerical approach proposed in this paper solves the system of equations (1) and (2) with the boundary and
initial conditions (3)–(8) in a natural and simple way. In order to solve this problem, three different projection schemes
of first and second-order of accuracy in time will be considered, which will be shortly presented for completeness.

The first of them is a special case of Chorin–Uzawa’s projection method [21]. We will call it Implicit Chorin–
Uzawa’s projection scheme (ICU). Similar to the original Chorin’s projection method [19], the first step of this scheme
involves the computation of an intermediate velocity that results from applying an implicit Euler discretization scheme
to the arising equation from the projection operator. This reads,

v∗
− vn

∆t
= ν∇

2v∗
+ fn+1, (9)

where ∆t is the time step and the superscripts n and n + 1 denote the values of v and f at the time steps n and n + 1,
respectively. This equation can be expressed for v∗ as follows

v∗
− ∆tν∇

2v∗
= vn

+ ∆tfn+1. (10)

Once the intermediate velocity is determined through the above equation and the boundary and initial conditions
(3)–(8), the second step of this scheme involves the correction of the intermediate velocity for the incompressibility
constraint, where the pressure approximation is taken only as auxiliary value. This reads

vn+1
− v∗

∆t
= −

1
ρ

∇ϕ, (11)

where ϕ is taken only as an auxiliary value. The last equation can be rewritten for the new velocity as

vn+1
= v∗

−
∆t
ρ

∇ϕ. (12)

Since vn+1 must satisfy the incompressibility constraint, then a Poisson equation for ϕ is obtained

∇
2ϕ =

ρ

∆t
∇ · v∗, (13)

which must satisfy the following boundary conditions

∂ϕ

∂n

⏐⏐⏐⏐
∂Ω1,∂Ω2

= 0, (14)

ϕ|∂Ω3
= 0. (15)

Thus, following [21], the pressure is computed by

pn+1
= ϕ − αρν∇ · v∗, (16)
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where 0 ≤ α ≤ 1. Therefore, the use of unphysical boundary conditions is not required to calculate the new pressure
following this scheme. The value α = 0 leads to the classical Chorin’s projection method. Moreover, the value α = 1
reduces the error that arises from the computation process of pressure and velocity fields, which can be very useful
when dealing with high viscosities fluids. Also, this value of α gives a scheme which is completely first-order of
accuracy in time. As it is detailed in [23], this can be seen if the sum of (9) and (11) is taken together with (16), and
by considering the fact that ∇

2v∗
= ∇ (∇ · v∗) − ∇ × ∇ × v∗ and that from (12), ∇ × ∇ × v∗

− ∇ × ∇ × vn+1
= 0.

Thus
vn+1

− vn

∆t
= −ν∇ × ∇ × vn+1

−
1
ρ

∇ pn+1
+ fn+1, (17)

which can be expressed as

vn+1
− vn

∆t
= ν∇

2vn+1
−

1
ρ

∇ pn+1
+ fn+1 (18)

through the incompressibility constraint.
Similar to the procedure depicted above to obtain the ICU scheme, the second and third projection methods that

will be used correspond to completely second-order of accuracy in time schemes. The first of them leads finally to a
Crank–Nicolson discretization scheme through the steps

1. Solve for intermediate velocity field

v∗
−

∆t
2

ν∇
2v∗

= vn
+

∆t
2

ν∇
2vn

−
∆t
2ρ

∇ pn
+

∆t
2

(
fn+1

+ fn) . (19)

2. Solve for artificial pressure

∇
2ϕ =

ρ

∆t
∇ · v∗, (20)

∂ϕ

∂n

⏐⏐⏐⏐
∂Ω1,∂Ω2

= 0, (21)

ϕ|∂Ω3
= 0. (22)

3. Update velocity field

vn+1
= v∗

−
∆t
ρ

∇ϕ. (23)

4. Compute pressure field

pn+1
= 2ϕ − ρν∇ · v∗. (24)

We will call this scheme as Crank–Nicolson–Van-Kan’s projection method (CNVK).
While the second of them leads finally to a second order backward finite difference scheme discretization scheme

through the steps

1. Solve for intermediate velocity field

3v∗
− 2∆tν∇

2v∗
= 4vn

− vn−1
−

2∆t
ρ

∇ pn
+ 2∆tfn+1. (25)

2. Solve for artificial pressure

∇
2ϕ =

3ρ

2∆t
∇ · v∗, (26)

with the boundary conditions (21) and (22).
3. Correct velocity field

vn+1
= v∗

−
2∆t
3ρ

∇ϕ. (27)
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4. Compute pressure field

pn+1
= ϕ + pn

− ρν∇ · v∗. (28)

We will call this scheme as second order backward finite difference Van-Kan’s projection method (BFD2VK).
Independently of the chosen projection method to solve the incompressible Navier–Stokes equations, all of them

have the following general steps

1. Update particles positions through

rn+1
= rn

+ ∆tvn. (29)

2. Solve for intermediate velocity field

Av∗
− B∇

2v∗
= C, (30)

with the boundary and initial conditions (3)–(8).
3. Solve for artificial pressure

∇ϕ = D∇ · v∗, (31)

with the boundary conditions (21) and (22).
4. Correct/Update velocity field

vn+1
= v∗

− E∇ϕ. (32)

5. Compute the pressure field

pn+1
= Fϕ + G − ρν∇ · v∗. (33)

4. The FPM method

In this section we describe the main ideas of the FPM method proposed by [11]. The FPM is a member of the
family of the generalized finite difference methods. The method is based on the so-called weighted least squares
method (WLSM). Following [16]:

Let Ω be a given domain with boundary ∂Ω and suppose that the set of points r1, r2, . . . , rN is distributed with
corresponding function values f (r1), f (r2), . . . , f (rN ). The problem is to find an approximate value of f at some
arbitrary location f (r) using its discrete values at particles positions inside a neighbourhood of r. To define the set of
particles and the neighbourhood of r, a weight function w(r − ri ) is introduced. Different weight functions have been
used in the literature and the most common functions are the cubic spline and the Gaussian functions, being the last
one chosen to be used in this paper as

wi = w(r − ri ) =

⎧⎨⎩e−γ ∥r−ri ∥
2/h2

, if
∥r − ri∥

h
≤ 1

0 else
(34)

where h determines the interaction length between particles and ri is the position of the i th particle inside the
neighbourhood.

Considering a Taylor’s series expansion of f (ri ) around r

f (ri ) = f (r) +

3∑
k=1

fk (rki − rk) +
1
2

3∑
k,l=1

fkl (rki − rk) (rli − rl) + ϵi , (35)

where ϵi is the truncation error of the Taylor’s series expansion, rki and rk represent the kth components of the position
vectors ri and r, respectively. fk and fkl ( fkl = fkl) represent the set of first and second spatial derivatives at particle
position r. The values of fk and fkl can be computed minimizing the error ϵi for the n p Taylor’s series expansion of
f (ri ) corresponding to the n p particles inside the neighbourhood of r. This system of equations can be written in
matrix form as

ϵ = Ma − b, (36)
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where

ϵ =
[
ϵ1, ϵ2, . . . , ϵn p

]t
, (37)

a = [ f, f1, f2, f3, f11, f12, f13, f22, f23, f33]t , (38)

b =
[

f (r1) , f (r2) , . . . , f
(
rn p

)]t
, (39)

M =
[
s1, s2, . . . , sn p

]t
, (40)

si = [1,∆r1i ,∆r2i ,∆r3i ,∆r11i ,∆r12i ,∆r13i ,∆r22i ,∆r23i ,∆r33i ]t , (41)

∆rki , ∆rkli and ∆rkki are defined as ∆rki = rki − rk , ∆rkli = (rki − rk) (rli − rl) and ∆rkki = (rki − rk) (rki − rk) /2,
for k, l = 1, 2, 3, k ̸= l. The unknown vector a is obtained through WLSM by minimizing the quadratic form

J =

n p∑
i=1

wiϵ
2
i , (42)

which reads(
M t W M

)
a =

(
M t W

)
b, (43)

where W = diag(w1, w2, . . . , wn p ). From this equation

a =
(
M t W M

)−1 (
M t W

)
b. (44)

In this way we automatically get the values of the function and its derivatives at points r. We refer to [24] for a more
explicit presentation of the FPM method applied to the Poisson equation.

4.1. FPM form for general elliptic partial differential equations

Poisson equations like (31) have been already studied by Tiwari and Kuhnert in [24]. This scheme eventually leads
to the improvement in such approximation and to a new approach for solving a general elliptic partial differential
equation [18] as

A f + B · ∇ f + C∇
2 f = D. (45)

Following their works we present, for completeness, the corresponding FPM discretization under this setting.
In the FPM representation for a general elliptic equation, (45) must be taken together with the system of n p

Taylor’s series expansion of f (ri ) around r. In this case, the matrices we need to compute by each particle in Ω take
the following form:

If ri ∈ Ω , then

M =
[
s1, s2, . . . , sn p , sE

]t
, (46)

sE = [A, B1, B2, B3, C, 0, 0, C, 0, C]t , (47)

b =
[

f (r1) , f (r2) , . . . , f
(
rn p

)
, D

]t
, (48)

and

W = diag
(
w1, w2, . . . , wn p , 1

)
. (49)

If ri ∈ ∂Ω , additionally we have to add the corresponding boundary conditions. In the case of Dirichlet boundary
conditions it is performed by adding the following rows to the matrices M and W , respectively,

(1, 0, 0, . . . , 0), (0, 0, 0, . . . , 1) (50)

while the following element, E , is added to vector b, where E is the value of f on ∂Ω .
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Similarly, in the case of Neumann boundary conditions we add the following rows to M and W , respectively,

(0, n1, n2, n3, 0, . . . , 0), (0, 0, . . . , 1) (51)

where n = [n1, n2, n3]t denotes the outward orthonormal vector to the boundary, while the following element, E , is
added to vector b, where E is the value of ∂ f

∂n on ∂Ω .
Considering the moving least squares solution

a =
(
M t W M

)−1 (
M t W

)
b, (52)

taking q = [q1, q2, . . . , q10]t which denotes the first row of
(
M t W M

)−1 and working out the terms in (48), we can
see that the following linear equations arises

f
(
r j

)
−

n( j)∑
i=1

wi (q1 + q2∆r1i + q3∆r2i + q4∆r3i + q5∆r11i + q6∆r12i

+ q7∆r13i + q8∆r22i + q9∆r23i + q10∆r33i ) f (ri ) = [Aq1 + B1q2

+ B2q3 + B3q4 + (q5 + q8 + q10) C] D + (n1q2 + n2q3 + n3q4) E, (53)

where f
(
r j

)
denotes the unknown function value at particle j and n( j) the number of j th-particle neighbours. If the

particle at r j is on a Dirichlet boundary, (53) becomes f
(
r j

)
= E . Since Eq. (53) is valid for j = 1, 2, . . . , N , this

can be arranged in a full sparse system of linear equations L f̃ = S which can be solved by iterative methods. Thus,
all kinds of Poisson equations such as (31) can be solved in this way, just adding appropriate entries in the systems of
equations.

5. FPM approach for a coupled vector boundary value problem

All the projection schemes detailed in Section 3 involve the solution of an initial and vector boundary value
problem for the intermediate velocity, whose general form is given by (30) and its initial and boundary conditions
are given by (3)–(8). Nonetheless, it must be noted that the boundary conditions on free surface boundaries, (7) and
(8), explicitly couple the components of v∗. Thus, its components cannot be computed separately through the previous
FPM approach for a general elliptic partial differential equation since these require to be computed simultaneously.

Nevertheless, a FPM approach for a coupled vector problem like this has not been proposed yet. Therefore,
following the idea depicted in Section 4.1, in this section will be proposed a FPM approach to solve this kind of
problems. Following [16] and the depicted in Section 4, let v∗(ri ) = vi = [v1i , v2i , v3i ]t and v∗(r) = v = [v1, v2, v3]t .
The Taylor’s series expansion of each component of vi around some arbitrary location r is:

v1i = v1 +

3∑
k=1

∂v1

∂rk
(rki − rk) +

1
2

3∑
k,l=1

∂2v1

∂rk∂rl
(rki − rk) (rli − rl) + ϵ1i , (54)

v2i = v2 +

3∑
k=1

∂v2

∂rk
(rki − rk) +

1
2

3∑
k,l=1

∂2v2

∂rk∂rl
(rki − rk) (rli − rl) + ϵ2i , (55)

v3i = v3 +

3∑
k=1

∂v3

∂rk
(rki − rk) +

1
2

3∑
k,l=1

∂2v3

∂rk∂rl
(rki − rk) (rli − rl) + ϵ3i , (56)

which form a system of 3n equations when (54)–(56) are taken for the n p particles inside the neighbourhood of r. As
in Section 4.1, together with this system of 3n equations, the vector equation (30) must be satisfied in r. Therefore, to
force v to satisfy this condition, the following three expressions are added to the system of equations

Av1 + B
(

∂2

∂r2
1

+
∂2

∂r2
2

+
∂2

∂r2
3

)
v1 = C1, (57)

Av2 + B
(

∂2

∂r2
1

+
∂2

∂r2
2

+
∂2

∂r2
3

)
v2 = C2, (58)

Av3 + B
(

∂2

∂r2
1

+
∂2

∂r2
2

+
∂2

∂r2
3

)
v3 = C3. (59)
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Moreover, if r is on a free surface boundary, v must strictly satisfy the boundary conditions (7) and (8). Therefore, it
is needed to add the following three equations to the last system

n2
1
∂v1

∂r1
+ n1n2

(
∂v1

∂r2
+

∂v2

∂r1

)
+ n1n3

(
∂v1

∂r3
+

∂v3

∂r1

)
+ n2

2
∂v2

∂r2
+ n2n3

(
∂v2

∂r3
+

∂v3

∂r2

)
+ n2

3
∂v3

∂r3
=

1
2νρ

H, (60)

2n1ti1
∂v1

∂r1
+

(
n1ti2 + n2ti1

) (
∂v1

∂r2
+

∂v2

∂r1

)
+

(
n1ti3 + n3ti1

) (
∂v1

∂r3
+

∂v3

∂r1

)
+ 2n2ti2

∂v2

∂r2
+

(
n2ti3 + n3ti2

) (
∂v2

∂r3
+

∂v3

∂r2

)
+ 2n3ti3

∂v3

∂r3
= 0, (61)

where H = pn
− σκ , ti = [ti1 , ti2 , ti3 ]t for i = 1, 2. In case that r is on a different boundary condition, it must satisfy

the corresponding condition from (3)–(6). Therefore, it has a system of 3n p + 3 linear equations for inner particles
and a system of 3n p + 6 linear equations for boundary particles in order to compute 30 unknowns, the components
of v and their first and second spacial derivatives. Here it should be noted that unlike (38), it has now thrice times
the amount of unknowns for free surface particles. Therefore, it is needed to discretize the problem domain with an
adequate amount of particles in the neighbourhood of a free surface. In order to overcome this problem it is enough
with an increment in the particles density.

Considering that r is on a free surface boundary, the system of 3n p + 6 linear equations can be rewritten in matrix
form as

ϵ = M∗a − b, (62)

where

ϵ =
[
ϵ11, ϵ12, . . . , ϵ1n p , ϵ21, ϵ22, . . . , ϵ2n p , ϵ31, ϵ32, . . . , ϵ3n p , 0, 0, 0, 0, 0, 0

]t
, (63)

b =

[
v11, v12, . . . , v1n p , v21, v22, . . . , v2n p , v31, v32, . . . , v3n p , C1, C2, C3,

1
2νρ

H, 0, 0
]t

, (64)

a = [k1, k2, k3]t , (65)

M∗
=

⎛⎜⎜⎝
M Z Z
Z M Z
Z Z M
Y1 Y2 Y3

⎞⎟⎟⎠ , (66)

where Z is a matrix of zeros, M is given by (40) and

ki =

[
vi ,

∂vi

∂r1
,
∂vi

∂r2
,
∂vi

∂r3
,
∂2vi

∂r2
1

,
∂2vi

∂r1∂r2
,

∂2vi

∂r1∂r3
,
∂2vi

∂r2
2

,
∂2vi

∂r2∂r3
,
∂2vi

∂r2
3

]t

, (67)

Y1 =

⎛⎜⎜⎜⎜⎜⎜⎝
A 0 0 0 B 0 0 B 0 B
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 n2

1 n1n2 n1n3 0 0 0 0 0 0
0 2n1t11 n1t12 + n2t11 n1t13 + n3t11 0 0 0 0 0 0
0 2n1t21 n1t22 + n2t21 n1t23 + n3t21 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ , (68)

Y2 =

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 0 0 0 0 0 0
A 0 0 0 B 0 0 B 0 B
0 0 0 0 0 0 0 0 0 0
0 n1n2 n2

2 n2n3 0 0 0 0 0 0
0 n1t12 + n2t11 2n2t12 n2t13 + n3t12 0 0 0 0 0 0
0 n1t22 + n2t21 2n2t22 n2t23 + n3t22 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ , (69)
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Y3 =

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
A 0 0 0 B 0 0 B 0 B
0 n1n3 n2n3 n2

3 0 0 0 0 0 0
0 n1t13 + n3t11 n2t13 + n3t12 2n3t13 0 0 0 0 0 0
0 n1t23 + n3t21 n2t23 + n3t22 2n3t23 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ . (70)

Hence, similarly to the procedure followed in Section 3, the moving least squares solution reads

a =
(
M∗t W M∗

)−1 (
M∗t W

)
b, (71)

where W =diag
(
w1, w2, . . . , wn p , w1, w2, . . . , wn p , w1, w2, . . . , wn p , 1, 1, 1, 1, 1, 1

)
. For the special case of inner

particles, the last three rows in M∗ and W , as well as the last three components of b are omitted.
It must be noted that only the first, eleventh and twenty first components of a are needed for the approximation

of v∗ in (30) instead of the full vector. Therefore, similarly to the procedure depicted in Section 4.1, by taking
qi = [qi,1, qi,2, . . . , qi,30]t which denotes the i th row of

(
M∗t W M∗

)−1 and working out the terms in (71), we can
see that the following linear equations arise from the first, eleventh and twenty first components of a

vmj −

n( j)∑
i=1

w
[(

qp,1 + qp,2∆r1i + qp,3∆r2i + qp,4∆r3i + qp,5∆r11i + qp,6∆r12i

+ qp,7∆r13i + qp,8∆r22i + qp,9∆r23i + qp,10∆r33i
)
v1i +

(
qp,11 + qp,12∆r1i

+ qp,13∆r2i + qp,14∆r3i + qp,15∆r11i + qp,16∆r12i + +qp,17∆r13i + qp,18∆r22i

+ qp,19∆r23i + qp,20∆r33i
)
v2i +

(
qp,21 + qp,22∆r1i + qp,23∆r2i + qp,24∆r3i

+ qp,25∆r11i + qp,26∆r12i + qp,27∆r13i + qp,28∆r22i + qp,29∆r23i + qp,30∆r33i
)
v3i

]
=

[
Aqp,1 +

(
qp,5 + qp,8 + qp,10

)
B

]
C1 +

[
Aqp,11 +

(
qp,15 + qp,18 + qp,20

)
B

]
C2

+
[
Aqp,21 +

(
qp,25 + qp,28 + qp,30

)
B

]
C3 +

1
2νρ

[
n2

1qp,2 + n1n2
(
qp,3 + qp,12

)
+ n1n3

(
qp,4 + qp,22

)
+ n2

2qp,13 + n2n3
(
qp,14 + qp,23

)
+ n2

3qp,24
]

H, (72)

where j = 1, 2, . . . , N , m = 1, 2, 3 and p = 1, 11, 21. This set of linear equations can be arranged in a full sparse
system L ṽ = S which can be solved by iterative methods.

Therefore, any coupled vector boundary value problem as (30) could be solved with this approach. In particular,
this approximation could be extended readily to solve the incompressible Navier–Stokes equations without the use of
the projection method, namely the coupled problem pressure–velocity. Also, this approach could be used alongside
other GFDM or in flow problems coupled with other physical phenomena.

5.1. Implementation aspects

With all the theories to solve free surface flows under this novel approach already described, it is necessary to
describe some important implementation aspects. They refer specifically to the free surface points detection and to the
isolated particles management.

5.1.1. Free surface particles detection
The free surface particles are detected following the idea of Tiwari and Kuhnert [16]. A particle is on a free surface

if it acts as an interface between a region of space which is filled with inner and other kind of boundary particles and
a void region. Therefore, a particle in an arbitrary position r is on a free surface if it fulfills the following conditions:

1. r is on the surface of an arbitrary sphere.
2. The radius of this sphere is r f s = ϕh, where ϕ ∈ [0.6, 1.0] and h is the smoothing length.
3. There are not particles inside the sphere, i.e. the sphere is void.



628 F.R. Saucedo-Zendejo, E.O. Reséndiz-Flores / Comput. Methods Appl. Mech. Engrg. 324 (2017) 619–639

These conditions let to assure that if the void space of such sphere exists, then the particle at r is on a free surface.
Hence, an inner particle must not find a sphere with a radius larger o equal to r f s since it would mean that there is a
big hole in the discretized domain. In order to find a void sphere it is necessary to perform a discrete search around
all the directions on each particle position r. This implies a great computational effort for the detection of free surface
particles. However, a discrete search over all the inner particles in the domain is needed only at the beginning of the
simulation or in the first time step since in subsequent time steps the discrete search is needed only over neighbouring
inner particles to particles which belonged to a surface boundary in the last time step level. This strategy lets to reduce
the computational effort needed for the detection of this kind of particles.

5.1.2. Isolated particles management
A simple problem arises when the amount of particles within the neighbourhood of a particle is less than the

unknowns to be solved with FPM. This is truly more frequent for free surface particles since, as was described
previously, this approach needs to have 30 neighbour particles in order to compute the 30 unknowns of the intermediate
velocity step. Therefore, an isolated particle is defined as that particle that has less neighbour particles than the
unknowns to be solved. Generally the isolated particles are those regions of a fluid which were sprayed or splashed.

There are two strategies in order to solve the problem with isolated particles which depend on the importance of
such particles:

1. If the isolated particles are not so important in the global solution of a problem then they could be deleted.
2. If the isolated particles are important in the global solution of a problem then it is needed to reduce the order of

approximation in the Taylor’s series expansions (35) and (54)–(56) which reduces the number of unknowns and
the number of neighbours needed for the computation. If this method is applied and a particle is still isolated
then it is solved through the kinematic relation

vn+1
= vn

+ ∆tfn+1 (73)

and the pressure is taken as the atmospheric pressure.

For sake of simplicity, in the numerical examples presented in this work the first strategy to deal with isolated
particles will be used.

6. Numerical results

In this section we will check the accuracy of the proposed approach to solve free surface incompressible flows with
FPM. For this, the numerical results of the simulation of some benchmark problems with this approach as well as their
comparisons with published experimental and theoretical results are reported.

6.1. Dam-Break problem

The first benchmark problem corresponds to the well known Dam-Break problem which is simulated using this
approach with the projection schemes depicted in Section 3. These results are compared with published experimental
results [25–28]. In this problem, a water column is confined on the left hand side of a container, with a moveable wall
placed on the right side of the water column. The collapse of the water column starts at time t = 0 when the movable
wall at right is removed [29]. The geometry of the problem is shown in Fig. 1.

Initially, the height of the water column is 40 cm while its thickness is 20 cm. It was discretized with 3300 particles
with a spacing of 5 mm. The smoothing length used in all the simulations was h = 15 mm. The gravitational
acceleration vector was taken as g = 9.81 m/s2 downward. The initial velocity and pressure in all the particles
were considered equal to zero whilst the atmospheric pressure was also considered as zero. The surface tension forces
were neglected. When the right moveable wall is removed, the water column collapses under the gravity effect. The
density and viscosity of the fluid were considered as ρ = 1000 kg/m3 and ν = 10−6 m2/s, respectively. Finally, in
solid walls a no-slip boundary condition was used and the time step was chosen as ∆t = 0.005 s.

In Fig. 2, the water front speed of the three considered simulations is compared with the experimental [25–28]
and numerical results [16]. There, the horizontal axis denotes the dimensionless time while the vertical indicates the
dimensionless water column position, where L0 denotes the initial thickness of this column. As it can be seen in this
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Fig. 1. Water column at t = 0.

Fig. 2. Comparison of the dimensionless water column position through time.

figure, the numerical results match very well with their experimental counterparts. Of course, initially the numerical
results seem to be slightly delayed when compared with Hu’s experimental results and slightly advanced when
compared with Koshizuka’s and Martin’s experimental results. This initial behaviour could be due to the difficulty
in adequately performing the removal of the right wall. On the other hand, these results match perfectly with the
results predicted by the classical FPM formulation.

A comparison of the free surface patterns with the experimental results studied in [28] at different time steps for
each scheme is shown in Figs. 3–5. These figures show an excellent agreement between the numerical results from the
ICU and CNVK schemes with the experimental results in [28], in the pattern of the free surface and the evolution of
the domain over time. Of course, it can be seen on the left side of these figures that the free surface patterns near solid
walls seem to be a little bit different from the experimental result. This behaviour is caused by the strong coupling of
the velocity components between neighbouring particles in these implicit schemes and the no-slip condition on the
solid walls. Nevertheless, these results show the effectiveness of this approach to model a free surface flow with FPM.
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Fig. 3. Comparison between the experimental [28] and numerical results using ICU scheme.
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Fig. 4. Comparison between the experimental [28] and numerical results using CNVK scheme.



632 F.R. Saucedo-Zendejo, E.O. Reséndiz-Flores / Comput. Methods Appl. Mech. Engrg. 324 (2017) 619–639

Fig. 5. Comparison between the experimental [28] and numerical results using BFD2VK scheme.

Finally, the elapsed real time per time step using ICU scheme was measured to be 2.4 s whilst using CNVK is 3 s.
Therefore, it can be seen that the elapsed real times per time step in the ICU and CNVK schemes are almost the same.
This is due to the fact that in both schemes the systems of linear equations to be solved are quite similar and these
only change by a scalar in some of its entries. The difference between them lies in the additional treatment required
to add the information from previous steps in the CNVK scheme.

On the other hand, the results from the BFD2VK scheme show serious instabilities, which cause flow patterns
quite different when compared to the experimental results. Such instabilities increase when the fluid hits the right
wall of the container and suffers a large deformation. This behaviour could be caused by the fact that this scheme
needs information about two previous time steps, as it can be seen explicitly in Eq. (25). The information about
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two previous time steps could not be available since the point cloud is changing over time due to the meshless and
Lagrangian nature of this method, which provides the flexibility to add or remove nodes wherever and whenever
needed. Therefore, preliminarily, it could be concluded that this projection scheme is not effective to model a free
surface incompressible flow under this approach since it needs information about two previous time steps.

Taking into account the results in this example, for the following examples only the ICU and CNVK schemes are
considered.

6.2. Free sloshing in a fixed rectangular tank

In this problem, a two-dimensional standing wave in a rectangular tank was simulated using this approach with
ICU and CNVK schemes. This test case was selected since it has already been studied by many researchers and it has
an analytical solution for the water elevation at the tank centre [30,31]. The initial configuration of this test case is
shown in Fig. 7(a).

There, the initial position of the free surface η0 (x) is given by

η0 (x) = A cos
[
κ

(
x +

λ

2

)]
, (74)

where A = 0.1d is the amplitude of the wave, d = 1 m is the depth of the water in the equilibrium state, λ = 2
m is the wavelength and κ =

2π
λ

is the wavenumber. In this example, the width of the tank was taken to be equal
to the wavelength. The free surface equilibrium position was taken as ηe (x) = 0. Initially, the problem domain was
discretized with 20 000 particles with a mean spacing of 0.01 m. The smoothing length used in the simulation was
h = 0.033 m. The gravitational acceleration vector was taken as g = 9.81 m/s2 downward. The initial pressures and
velocities in all particles, the viscosity as well as the atmospheric pressure were considered as zero. The density of the
fluid was considered as ρ = 1000 kg/m3. The surface tension forces were neglected. On the other hand, the time step
was chosen as ∆t = 0.001 s and the simulation was carried out for 4.5 s. Finally, a no-slip boundary condition was
used in solid walls.

The analytical solution for the water elevation at the tank centre is the sum of a linear term and a second order
term [30]

ηl (t) = −A cos ω2t, (75)

ηs (t) =
1

8g

{
2(ω2 A)2 cos 2ω2t +

(
A
ω2

)2 [
κ2

2 g2
+ ω4

2 −
(
κ2

2 g2
+ 3ω4

2

)
cos ω4t

]}
, (76)

where

κm = m
π

λ
, (77)

ωm =
√

κm g tanh κmd (78)

for m = 2, 4.
The water level at the tank centre predicted by this approach using the ICU and CNVK schemes is shown in Fig. 6

and these results are compared with the previous analytical solution. There, “Linear theory” refers to η (t) = ηl (t)
as long as “Second order theory” means η (t) = ηl (t) + ηs (t). The elevation predicted by this approach with the
ICU scheme is closer to the second order theory for all the peaks whilst the level predicted using the CNVK method
is closer to the second order one only in the first peak and then it seems to lose intensity with the evolution of the
simulation. This effect is also observed on a smaller scale in the solution with the ICU scheme which is directly
attributed to the fact that in this problem a no-slip condition was used on the tank walls. This boundary condition is
responsible for these slight dissipations. Further, there it can be observed that the peaks from the analytical solution
as well as from the numerical solution from this approach hold the non-linear effects of this kind of waves.

The wave patterns for the simulation obtained using the ICU scheme are shown in Fig. 7 where the evolution of
the wave in the first 1.4 s could be observed. Here the stability of this approach can be perceived since the free surface
patterns remain always smooth. These results indicate that FPM performs well for the simulation of this kind of free
surface problems.
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Fig. 6. Water height at tank centre.

Fig. 7. Wave patterns at (a) 0 s, (b) 0.3 s, (c) 0.6 s, (d) 0.9 s, (e) 1.1 s, (f) 1.4 s.
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Fig. 8. Pressure at the centre of the patch through time.

6.3. A square patch of fluid

The third numerical example that was considered corresponds to the evolution of a two-dimensional square patch
of fluid subjected to centrifugal forces since it has been used as a benchmark test to show that numerical methods are
stable under pure tensile stresses. There, the centrifugal forces cause an evolution of the corners of the initial patch into
four long arms. These deformations occur in presence of tensile stresses which produce instabilities, fragmentations
and unphysical behaviours in many numerical SPH based methods [32].

The initial dimension of the square of fluid was L = 1 m. In this problem, one more time the simulation was
carried out with the ICU and CNVK schemes considering three discretizations with 2600, 10 200 and 40 400 particles
with a mean spacing of 0.02, 0.01 and 0.005 m. The smoothing length used with each of these discretizations was
0.066, 0.033 and 0.0165 m, respectively. The initial pressures in all particles, the gravitational acceleration vector,
the viscosity as well as the atmospheric pressure were considered as zero. The density of the fluid was considered as
ρ = 1000 kg/m3. The surface tension forces were neglected. On the other hand, the time step for all the simulations
was chosen as ∆t = 0.0001 s and the simulation was carried out for 0.2 s. Finally, the initial velocity field is given by

v0 =

(
ωy

−ωx

)
, (79)

where ω = 10 s−1 is the angular velocity responsible for the rotation around the square centre whilst x and y are the
position vector components with origin in the square centre.

In Fig. 8, the pressure at the centre of the patch through time computed using this approach is shown and compared
with the numerical results from Colagrossi [33] and Khayyer [32]. This figure shows that for this example there is no
difference by using the ICU and CNVK schemes since for all the discretizations a similar pressure was found. There,
a stable and physical pressure similar to Colagrossi’s solution could be observed in all the simulations. The solutions
with the coarser discretization exhibit small oscillations in the computed pressure which completely disappear when
finer point clouds are used. Further, the pressure tends to be closer to Colagrossi’s solution with an increase in the
number of points suggesting that a complete convergence will occur by using a still finer point cloud.

On the other hand, the pressure profiles in the square patches discretized with 10 200 and 40 400 particles predicted
with the ICU scheme at t = 0.2 s are shown in Fig. 9. These figures prove the stability of this approach for dealing
with this kind of problems since they exhibit a smooth pressure field and they do not show dispersed particles or
instabilities on the free surfaces.
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Fig. 9. Pressure profiles in the square patch at t = 0.2 s discretized with (a) 10 200 and (b) 40 400 particles.

Fig. 10. Jet configuration.

6.4. A jet impinging on a flat plate

The final benchmark example that was considered in this work corresponds to a jet impinging on a flat plate since
when the flow is on a steady state around the stagnation point, the stagnation pressure could be obtained from the
Bernoulli equation [32]. Therefore, with this benchmark the capability of this approach in capturing the shock and the
steady state pressure at the stagnation point can be checked. The configuration of this problem is shown in Fig. 10.

Here the jet width was taken as w j = 0.2 m. In this problem, the simulation was carried out with the ICU scheme
considering a discretization with a mean spacing of 0.005 m. The smoothing length was 0.0165 m. The initial pressures
in all particles, the gravitational acceleration vector, the viscosity as well as the atmospheric pressure were considered
as zero. The density of the fluid was considered as ρ = 1 kg/m3. The surface tension forces were neglected. On the
other hand, the time step was chosen as ∆t = 0.0005 s and the simulation was carried out for 1.315 s. Finally, the
inflow velocity was taken as v0 = 1.32 m/s upwards and on the plate wall a no-slip boundary condition was used.

In Fig. 11 the pressure profiles and the fluid pattern at different time steps after the impact are depicted. There, a
smooth and physical pressure field as well as a stable evolution of the impact on the plate could be observed. This
indicates that this approach remains stable throughout the evolution of the impact.

On the other hand, Fig. 12 shows the pressure at the stagnation point through time computed with this and compared
with the stagnation pressure at the steady state obtained from the Bernoulli equation. There, it can be observed that
after the impact the pressure decreases smoothly until it reaches the pressure at a steady state flow regime. This figure
shows that this approach is able to simulate the impact and the steady state pressures.

6.5. Computational performance

In this subsection, a short discussion regarding the CPU times for the different schemes used with this approach is
presented. In order to measure these differences, the first 1000 time steps of the simulation of the square patch of fluid
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Fig. 11. Pressure profiles and the fluid pattern at (a) tv0/L = 0.9504, (b) tv0/L = 1.3464, (c) tv0/L = 3.4716.

Fig. 12. Pressure at the stagnation point through time.

in Section 6.3 were considered. The CPU times were measured using a time step ∆t = 0.000001 s and discretizations
which range from 5000 to 80 000 particles. The mean CPU time for the computing of each scheme was calculated
for each discretization on an A10-7400P 2.5 GHz processor running WINDOWS 10 operating system with 12 GB of
RAM installed.

In Fig. 13 the additional CPU time percentage elapsed in BFD2VK and CNVK schemes per time step with respect
to the ICU scheme are shown. These additional CPU time percentages per time step arise directly from the need of
computing some spatial derivatives of information from the previous time step. The differences between BFD2VK
and CNVK lie in the same fact since BFD2VK needs the computation of the spatial derivatives of the pressure as long
as CNVK needs also this information plus the velocity spatial derivatives.
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Fig. 13. Additional CPU time in BFD2VK and CNVK schemes per time step.

7. Conclusions

Once the implicit projection schemes of different order of accuracy were implemented with this new approach and
compared with experimental published and theoretical results, it could be concluded that it could be used properly
to simulate free surface incompressible flow problems. However, it should be noted that the problem domain needs
to be discretized with an adequate number of particles since this approach will use thrice the amount of particles
required than in an explicit scheme or in an uncoupled problem for solving free surface particles. This situation is
maximized if this approach is extended for the velocity–pressure coupled problem since it will need four times the
amount of particles required than in an explicit method. A direct consequence of these requirements is that the elapsed
real time per time step tends to increase a little because this approach requires solving two linear systems whilst an
explicit projection scheme requires the solution of a single one. Nevertheless, this implicit approach enables time
step sizes by far more flexible than those in explicit schemes. Therefore, it can be concluded that this approach is
promising for simulating free surface incompressible flows and it has the potential to be extended in order to solve the
Navier–Stokes equations in a coupled velocity–pressure formulation as well as to solve fluid flow coupled with other
physical phenomena.
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