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A B S T R A C T

The purpose of this work is to carry out a meshfree implementation for the numerical simulation of two-di-
mensional transient incompressible flows coupled with heat transfer where phase change is present. The Finite
Pointset Method is applied in order to solve the involved partial differential equations where the corresponding
classical or strong formulation is directly used instead of the corresponding weak form as needed for some other
meshfree approaches. The incorporation of the boundary conditions is done in a direct and simple manner. The
simplicity and efficiency of this numerical method are demonstrated on several two-dimensional benchmark
problems where solidification and melting processes occurs.

1. Introduction

Fluid flow coupled with heat transfer where phase change takes
place arises in many engineering applications. Mesh-based numerical
methods for partial differential equations have been used for solving
such problems. However, it is very difficult to model phase transitions
and discontinuities with mesh-based techniques since the interface lo-
cation does not coincide with the original nodal lines during the pro-
blem evolution. It is very difficult for this kind of methods to simulate
material fragmentation since most of them are based on continuum
mechanics in which the elements cannot be broken. Therefore, a false
representation of the fragments paths could be produced. The re-
meshing approaches has been proposed in mesh-based methods to
overcome the problems above and to simulate problems where phase
changes occurs, which are both computational and economically ex-
pensive. Recently meshfree or meshless methods have been developed
as an alternative to overcome part of the difficulties arising when mesh-
based methods are used and these are classified in two main groups
according to the type of equations on which they are based [1,2].

Some meshfree methods are based on the weak-form of the corre-
sponding partial differential equations and they are characterized by
being stable and accurate, therefore they naturally satisfy the imposed
Neumann boundary conditions. These methods are computationally
expensive since the numerical integration is mandatory. Furthermore,
these methods require local or global meshes for integrating the derived
matrix system from the weak-form on the problem domain which
makes them not completely meshfree. The most common examples of

such methods include the Element Free Galerkin Method (EFG), the
Reproducing Kernel Particle Method (RKPM), the Diffuse Element
Method (DEM), the Meshless Local Petrov-Galerkin Method (MLPG),
Meshless Boundary Element Method (MBEM), Meshless Finite Volume
Particle Method (MFVM) and the Natural Element Method (NEM).
There are other meshfree methods which are based on the strong-form
of the corresponding partial differential equations and they are char-
acterized by being truly meshfree since they do not require any kind of
meshing during the solving process, moreover they are easy to imple-
ment and computationally efficient. Nonetheless, many of them are
unstable and less precise than weak-form methods when Neumann
boundary conditions are involved. The most common examples of these
kind of methods include the Smoothed Particle Hydrodynamics (SPH),
Finite Pointset Method (FPM), Finite Point Method and the Radial Basis
Function collocation Method (RBFCM) [1–8].

Different meshfree methods have been applied in order to numeri-
cally solve for fluid flow coupled with heat transfer including phase
change, Vertnik and collegues develop the local radial basis function
collocation method to solve non-linear convective-diffusive transport
phenomena problems with non-linear material properties with phase
change and solve a billet casting problem with simultaneous material
and interphase moving boundaries by an upgraded version of the
LRBFCM meshless method [9,10], Zhang et al. applied the classical fi-
nite point method for solidification modelling in continuous casting
[11], Kosec studied meshfree local radial basis function collocation
method for coupled heat transfer and fluid flow problems, Fang et al.
used an improved SPH model for droplet spreading and solidification
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simulation [12], Yang and He solved heat transfer with phase change
using the element-free Galerkin method in combination with a
smoothed effective heat capacity model [13], Thakur et al. used the
meshless local Petrov-Galerkin method to solve phase change problems
[14], Singh and Bhargava used an hybrid FEM/EFGM technique for the
numerical simulation of a phase transition problem with natural con-
vection [15], Li et al. applied the Lattice Boltzmann method for melting
problems [16], Farrokhpanah et al. proposed a new SPH fomulation for
modelling transient heat conduction with phase change [17], Dehghan
and Najafi studied some high order mesh-based and meshless methods
for non-classical one-dimensional two-phase Stefan problem [18], the
extended finite element method (XFEM) has been applied by Stapór for
two dimensional simulation of solidification processes in materials with
thermo-dependent properties [19], Karagiannakis et al. used the
meshless local Petrov-Galerkin method for transient thermal conduc-
tion with spatiotemporally variable conductivity [20], the Element-free
Galerkin formulation has been applied to transient heat transfer pro-
blems of direct chill casting processes in Ref. [21].

The Finite Pointset Method (FPM) is a Lagrangian truly meshless
approach developed by Kuhnert in Ref. [22] at the Fraunhofer-Institut
für Techno-und Wirtschaftsmathematik, in Kaiserslautern, Germany.
FPM has shown to be far superior to traditional mesh-based methods
and some other meshfree method for solving Partial Differential
Equations governing complicated physical phenomena since it can
overcome some of the problems in SPH formulation and in other strong-
form meshfree methods, especially those related to the treatment of the
boundary conditions [23–30]. The main motivation in this work is that
in FPM nodes can be added or removed as needed since it uses a set of
finite nodes scattered within a problem domain as well as on its
boundaries which do not carry mass, this provides stability advantage

to the method as well as a wider range of boundary conditions which
are essential for phase change problems. Moreover and to authors's
knowledge, the use of FPM for solving fluid flow coupled with heat
transfer considering phase change has not been reported in the scien-
tific literature, therefore the application of FPM in this context is pro-
posed in this work.

The structure of the paper is as follows: section 2 introduces the
governing equations, section 3 shortly describes the numerical scheme
for solving the system of PDEs, section 4 presents the main ideas behind
FPM followed by its discretization presented in section 5. The numerical
results are reported in section 6 and finally some conclusions are given
in last section.

2. Governing equations

The governing equations are the incompressible Navier-Stokes
equations in a laminar regime coupled with the convective heat transfer
equation. In this work the molten material will be considered to behave
as Newtonian fluid. Thus, the governing equations read:

= − ∇ + ∇ + + −D
Dt ρ

p ν β T Tv v f g1 ( )cb
2

(1)

∇⋅ =v 0 (2)

= ∇ ∇DT
Dt c

k T1 ( )
(3)

Suitable boundary conditions for flow dynamics should be carefully
defined, therefore no-slip conditions for solid walls are considered, this
imply all velocity components, should be prescribed. The mushy zone
viscosity μm is a function of temperature and it is defined as follows:

Nomenclature

J Functional ⋅[ ]
M Auxiliary matrix ⋅[ ]
P Differences matrix ⋅[ ]
Pxy Differences matrix ⋅[ ]
Q Auxiliary matrix ⋅[ ]
T Fluid temperature °[ C]
Tc Cold/reference temperature °[ C]
Th Hot temperature °[ C]
Tl Liquid temperature °[ C]
Tm Melting temperature °[ C]
Ts Solid temperature °[ C]
W Weight matrix ⋅[ ]
b x( )k Coefficients in Taylor series ⋅[ ]
b Unknowns vector ⋅[ ] °− −[J kg C ]1 1

c Volumetric heat capacity
cl Specific heat capacity for liquid region °− −[J kg C ]1 1

cs Specific heat capacity for solid region °− −[J kg C ]1 1

e Truncation error vector ⋅[ ]
f Arbitrary function value ⋅[ ]
f͠ Approximated function value ⋅[ ]
f Function value vector ⋅[ ]
fb Distributed body force −[m s ]2

g Gravitational acceleration vector −[m s ]2

h Smoothing length in w [m]
hi k, Spatial differences ⋅[ ]
hf Latent heat of fusion −[Jkg ]1

k Thermal conductivity °− −[W m K ]1 1

k0 Thermal conductivity at reference temperature
°− −[W m K ]1 1

ks Thermal conductivity for solid phase °− −[W m K ]1 1

kl Thermal conductivity for liquid phase °− −[W m K ]1 1

n Boundary normal vector ⋅[ ]
p Flow pressure [Pa]
p x( )k Linear independent functions ⋅[ ]
tf Total simulation time [s]
v Flow velocity vector −[m s ]1

v0 Initial velocity −[m s ]1

∼v Temporal flow velocity −[m s ]1

w Weight function ⋅[ ]
x Arbitrary fluid point [m]
xk Particle position at k-th iteration [m]
xi i-th particle position [m]
Γd Dirichlet boundary ⋅[ ]
Γn Neumann boundary ⋅[ ]
Φ Shape function ⋅[ ]
Ω A given fluid domain ⋅[ ]
β Coefficient of thermal expansion ° −[ C ]1

γ Weight function parameter ⋅[ ]
μ Fluid dynamic viscosity [Pa s]
μm Mushy zone viscosity [Pa s]
μs Fluid dynamic viscosity for solid phase [Pa s]
μl Fluid dynamic viscosity for liquid phase [Pa s]
ν Fluid kinematic viscosity −[m s ]2 1

ρ Fluid density −[kg m ]3

ρs Fluid density for solid phase −[kg m ]3

ρl Fluid density for liquid phase −[kg m ]3

∂Ω Boundary of fluid domain ⋅[ ]
D
Dt

Material derivative −[s ]1

∇ Gradient operator −[m ]1

Δ Laplace operator −[m ]2

tΔ Time step [s]
xΔ i Spatial differences m[ ]
yΔ i Spatial differences m[ ]
zΔ i Spatial differences m[ ]
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where μs denotes the viscosity in the solid region, Ts is the solidus
temperature, μl refers to liquid region and Tl the liquid temperature.

Regarding the volumetric heat capacity, it exhibit temperature de-
pendence and it is defined as follows:

=
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≥
≤
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where = −
−fs

T T
T T

l
l s

and hf is the latent heat.

3. Numerical schemes

A first order prediction-correction method, named Chorin's projec-
tion method, is used for solving the fluid flow and an implicit Euler
scheme is implemented in order to solve for the heat equation. The
main steps are as follows:

• First step

= ++ tx x vΔn n1 (6)

• Second step

− =+ +ρcT k t T ρcTΔ Δn n n1 1 (7)

• Third step

= + + + −∼ +ν t t t β T Tv v v f gΔ Δ Δ Δ ( )n n n
cb

1 (8)

• Fourth step

= − ∇ ∇⋅ =∼+ − + +ρ t pv v vΔ , 0n n n1 1 1 1 (9)

Incompressibility condition should be imposed at the fourth step,
thus when taking the divergence of the updating velocity the following
Poisson equation is obtained

=
∇⋅∼+p

ρ
t
v

Δ
Δ

n 1
(10)

The corresponding Neumann boundary conditions for solid walls
reads

⎛
⎝
∂
∂
⎞
⎠

=
+p

n
0

n 1

(11)

4. The FPM main ideas

In this section the main ideas of the FPM proposed by Kuhnert [22]
are described. FPM is based on the so-called moving least squares
procedure which is shortly described next, following [30]:

Let Ω be a given domain with boundary ∂ = ∪Ω Γ Γd n, where Γd and
Γn denote the boundaries with Dirichlet and Neumann conditions, re-
spectively. Suppose the set of points …x x x, , , n1 2 with corresponding
function values …f f fx x x( ), ( ), , ( )n1 2 is distributed in Ω. The problem is
to find an approximate value of f at some arbitrary location f x( ). Thus,
the following procedure can be applied:

Define the approximation to f x( ) as

∑= =
=

f p bx x x p x b x( ) ( ) ( ) ( ) ( )͠
k

m

k k
t

1 (12)

whose local version reads

∑= =
=

f p bx x x x p x b x( , ) ( ) ( ) ( ) ( )͠
k

m

k k
t

1 (13)

where p x( )k denotes a set of linear independent functions, in particular,
they can be linear monomials.

Now, minimize the quadratic form

∑=
=

J
n

w ex x( , )
j

j j
1

2

(14)

∑ ∑= ⎛

⎝
⎜ − ⎞

⎠
⎟

= =

n
w

m
p b fx x x x x( , ) ( ) ( ) ( )

j
j

k
k j k j

1 1

2

(15)

Fig. 1. Geometry for the infinite corner problem.

Fig. 2. Front positions at the final time =t 0.5f s, [19].

Fig. 3. Geometry for the melting cylinder problem.
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in order to get the optimal coefficients

= −P WP P Wb f( ) ( )t t1 (16)

where
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t

n
t

1 2 1 2p p (19)

= …b b bb x x x x( ) [ ( ), ( ), , ( )]m
t

1 2 (20)

np denotes the number of neighbour points xj of x and w x x( , )j denotes
a weight function with compact support. Moreover, different weight
functions have been used in the literature and the most common
functions are the cubic spline and the Gaussian functions, being the last
one chosen to be used in this paper.

Once b is known the function approximation at point x reads

∑= = =
=

−f p b M Qx x x p x x x f x f( ) ( ) ( ) ( ) ( ) ( ) Φ( )͠
k

m

k k
t

1

1

(21)

If the base functions p x( )i are defined as follows:

= …x yp [1, Δ , Δ , ],t
j j (22)

where = −x x xΔ j j and = −y y yΔ j j for = …j n1, , p, the following
equivalent representation is obtained

∑≃ = + ∇ ⋅ + …
=

f p b f fx x x x x x( ) ( ) ( ) ( ) ( ) Δ͠
k

m

k k j j j
1 (23)

which implies that under this representation the new vector of un-
known coefficients becomes

= ∂ ∂ …f f fb x x x x( ) [ ( ), ( ), ( ), ]x y
t (24)

In this way the values of the function and its derivatives at points x
are automatically obtained.

5. FPM discretizations

When solving for the Navier-Stokes equations through the Chorin's
projection method the Poisson equation should be solved for the pres-
sure field. Therefore, when applying FPM, the matrices that need to be
computed for each particle in Ω take the following form:

If ∈x Ωi , then

=

⎛

⎝
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x y x x y y

x y y x y y

x y y x y y

1 Δ Δ (Δ ) Δ Δ (Δ )

1 Δ Δ (Δ ) Δ Δ (Δ )

1 Δ Δ (Δ ) Δ Δ (Δ )
0 0 0 1 0 1

n n n n n n
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2
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1
2 1

2

2 2
1
2 2

2
2 2
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2

1
2

2 1
2
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(25)
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n

1

2

(26)

= …+ + +( ( ) )p p p ff x x x( ), ( ), , ,r l r l r l
n

, 1
1

, 1
2

, 1
p (27)

= ∂ ∂+ + +p p pb x x x x( ) ( ( ), ( ), ( ),r l
x

r l
y

r l, 1 , 1 , 1 (28)

∂ ∂ ∂+ + +p p px x x( ), ( ), ( ))xx
r l

xy
r l

yy
r l, 1 , 1 , 1 (29)

where r and l denotes the iteration and time counters, respectively.
Therefore, from the expressions for b and P it can be seen that at least 6
neighbouring particles are needed for the computation and that they
should not lie on the same line or circumference. Moreover, since FPM
is an iterative method over each particle in Ω, hence the stopping cri-
teria used in the implemented algorithm is a relative error of the fol-
lowing form

Fig. 4. Evolution of the melting front R t( ) under medium temperature condi-
tions, [19].

Fig. 5. Evolution of the melting front R t( ) under extreme temperature condi-
tions, [19].

Fig. 6. Initial configuration.
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were the solution at each time step is obtained once convergence is
reached, i.e., =+p px x( ) ( )r l

i
r l

i
1, , as → ∞r and this holds for = …i n1, , p.

Regarding the shape function, the following Gaussian type function
is implemented,

− = ⎧
⎨⎩

≤− − −
w e

else
x x( ) , if 1

0
i

γ h
h

x x x x/i i2 2

(31)

6. Numerical examples

In order to validate our implementation, the results of some
benchmark problems are presented in this section. The numerical sta-
bility of the method relies on the adding and removing points technique
and this has been already studied by the authors for some other
benchmark problems in Ref. [31]. The first two tests are taken from Ref.
[19] while the last three examples are taken from Ref. [32]. The ob-
tained numerical results are compared with those reported in the
mentioned references. In the first two examples the following Ar-
rhenius-type approximation is used in order to describe the thermo-

Fig. 7. Velocity profiles through time using FPM vs FEM, [32].

Fig. 8. Streamlines and temperature profiles using FPM vs FEM, [32].
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physical properties in the solid and liquid phases,

= −c T c e( ) ,ξ T T
0

( )0 (32)

= −k T k e( ) ,κ T T
0

( )0 (33)

where T c k ξ, , ,0 0 0 and κ, denote the reference temperature, coefficient
of thermal conductivity at reference temperature, coefficient of volu-
metric heat capacity at reference temperature, coefficients of tem-
perature-dependent conductivity and heat capacity, respectively. In a
similar manner the temperatures for the solid and liquid region are
defined as follows,

= +T T TΔ ,l m (34)

= −T T TΔ ,s m (35)

where Tm is the melting/fusion temperature. This is a much simpler
manner to model the phase change jump and there no need to use a
Stefan condition for the solidification front tracking as it is done in Ref.
[19].

6.1. Solidification in an infinite corner

The first presented problem in this subsection is taken from Ref.

Fig. 9. Velocity profiles through time using FPM vs FEM, [32].

Fig. 10. Streamlines and temperature profiles using FEM vs FEM, [32].
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[19]. This test consists of a liquid in a squared container with a uniform
initial temperature =T 0.30 °C which starts to solidify in an infinite
corner with wall temperatures fixed to = −T 1D °C and the melting/
freezing temperature is =T 0m °C, Fig. 1. In the linear case the corre-
sponding analytical solution for the freezing front location is given by
the following equation:

=
⎛

⎝

⎜
⎜
+

−

⎞

⎠

⎟
⎟

−
( )

y ξ C

ξ
αt4 1.5u

x
αt

u
u

4 (36)

where the thermal diffusivity α reads:

= = =α k
ρ c

k
ρ c

m
s

1l

l l

s

s s

2

(37)

=C 0.159, =u 5.02 and =ξ 0.70766. The latent heat diffusion is
=h 0.25f J kg−1. The problem has been solved for =t s0.5f .
The thermal properties are as follows: for the liquid phase, =c 1l W

s kg−1 K−1, = −ξ 0.25 K−1, =k 1 Wm−1 K−1, =κ 0.3 K−1 and =ρ 1 kg
m−3, while for the solid phase, =c 1s W s kg−1 K −1, =ξ 0.1 K−1, =k 1
W m−1 K−1, = −κ 0.2 K−1 and =ρ 1 kg m−3. In this case the latent
heat of fusion is taken as =h 0.25f J kg−1 and =TΔ 0.01.

Fig. 11. Velocity profiles through time using FPM vs FEM, [32].

Fig. 12. Streamlines and temperature profiles using FPM vs FEM, [32].
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The FPM parameters for this case are taken as follows: for the coarse
case, =h 0.48 m, =γ 5.25, initial number of particles is fixed to 441 and
=t sΔ 0.005 . For the finer case, =h 0.2 m, =γ 5.25, initial number of

particles is fixed to 2601 and =tΔ 0.001 s.
Fig. 2 shows the obtained numerical results with FPM with two

Point Cloud (PC) resolutions and those with XFEM reported by Stapor
in Ref. [19]. In the non-linear case FPM strongly agrees with those
reported by Stapor, however in the linear case FPM seems to be closer
to the analytical solution than the ones using XFEM.

6.2. Melting of a solid cylinder with a density jump

The second test correspond to a cylinder made of copper where
there is a jump between the solid and liquid phases, i.e., ≠ρ ρs l, Fig. 3.
The thermal properties are as follows: for the liquid phase,
= ×c 4.503 100

6 W s m−3 K−1, = −ξ 0.00025 K−1, =k 157.530 W m−1

K−1, =κ 0.0003 K−1, =c 531l W s kg−1 K−1 and =ρ 7,476l kg m−3,
while for the solid phase, = ×c 4.079 100

6 W s m−3 K−1, =ξ 0.0001
K−1, =k 318.460 W m−1 K−1, = −κ 0.0002 K−1, =c 481s W s kg−1 K−1

and =ρ 8,933s kg m−3. The melting point is reached at =T 1,356m °K
(1,083 °C) and the latent heat of fusion is taken as = ×h 1492.5 10f

6 J
kg−1. The initial temperature of the solid cylinder and the surrounding
temperature for the case of medium temperature conditions are 1,256 °K
(983 °C) and 1,366 o K (1,093 °C), respectively. In the case of extreme
temperature conditions the initial temperature of the solid cylinder and
the surrounding temperature are fixed to 1,3535 °K (1080 °C) and 2,436
°K (2,163 °C), respectively. =TΔ 5 and =TΔ 1.5 for the two different

situations.
The FPM parameters for this case are taken as follows: =h 0.013 m,
=γ 5.25, initial number of particles is 2171 and =tΔ 0.5, 0.01 s.
Figs. 4 and 5 show the time dependent evolution of solid-liquid

interface denoted as R t( ) obtained with FPM and XFEM for medium and
extreme temperature conditions, respectively. The initial radius is taken
as 0.1m. In these figures mesh C and mesh D refers to the numbers of
elements taken in XFEM which are 728 and 2992 in 2 dimensions, re-
spectively. Mesh 1D refers to the numbers of elements for the one di-
mensional solution provided by a benchmark, [19].

6.3. Solidification example

The third benchmark test corresponds to a thermal flow in a square
cavity driven by natural convection produced by a temperature differ-
ence in two opposite sides of a square cavity, as it is shown in Fig. 6.
This problem was chosen since it is a popular example for testing nu-
merical procedures. Initially the cavity fluid is at rest and its tem-
perature is =T Th0 . The cavity dimensions are 0.05m × 0.05m and it
was discretized with 2600 initial particles with a mean spacing of
0.001m. The smoothing length was selected as 0.0032m. Moreover,
the material properties are: coefficient of thermal expansion
= × −β 4 10 5 °C−1, dynamic viscosity =μ 0.0025 kg m−1s−1, density
=ρ 2500 kg m−3, gravitational acceleration =g 9.81 m s−2, heat ca-

pacity =c 1046 J kg−1°C−1 and thermal conductivity =k 104.6 W
m−1°C−1. The hot wall is maintained at =T 710h °C whilst the cold wall
is at =T 610c °C. The time step was chosen as =tΔ 0.01 s and the

Fig. 13. Maximum velocity through time using FPM vs FEM, [32].

E.O. Reséndiz-Flores, F.R. Saucedo-Zendejo International Journal of Thermal Sciences 133 (2018) 13–21

20



simulation was carried out for 920 s. Finally, on the cavity walls a no-
slip boundary condition for the velocity was used.

The velocity and temperature profiles are shown in Figs. 7 and 8,
respectively.

6.4. Melting example

The fourth benchmark test corresponds to the same alloy used in the
previous example and under the same boundary setting. In this test the
initial temperature corresponds to the cold wall temperature, =T 610c

°C. The time step was chosen as =tΔ 0.01 s, the initial number of par-
ticles is 2601 and the simulation was carried out for 477 s. Finally, on
the cavity walls a no-slip boundary condition for the velocity was used.
The corresponding velocity and temperature profiles are shown in
Figs. 9 and 10, respectively.

6.5. Combined solidification and melting example

In this test once again the same alloy is taken under the same
boundary conditions. The domain is divided in a liquid and solid part
with different temperature initial conditions conditions, =T 6100 °C is
taken for the solid part while =T 7100 °C for the liquid part. Under this
setting the steady state solution is reached if solidification and melting
occurs simultaneously. The corresponding velocity and temperature
profiles are shown in Figs. 11 and 12, respectively.

The FPM parameters for the last three benchmark problems are
taken as follows: =h 0.0032 m, =γ 5.25, initial number of particles is
2601 and =tΔ 0.0075 s.

In all the last three examples corresponding to the cavity thermal
flow, stable velocity and temperature profiles has been obtained with
FPM. The physical behaviour has been the expected one and the nu-
merical results are in agreement with those of FEM reported by Usmani,
[32]. This indicates the FPM potential for the numerical simulation of
fluid flows coupled with heat transfer considering phase change.

Further, the maximum velocity in the last three examples computed
with this FPM formulation through time is shown in Fig. 13 and it has
been compared with the corresponding FEM solution reported by Us-
mani, [32]. There the feasibility of this formulation to model this
thermo-hydrodynamic problem can be observed since the FPM results
for the maximum velocity are quite similar to the corresponding FEM
values. The observed differences are directly attributed to the fact that
our FPM solution was obtained with a complete Lagrangian and moving
point cloud while the FEM solution in Usmani [32] was computed with
a fixed squared mesh.

7. Conclusions

Two dimensional transient incompressible fluid flow coupled with
heat transfer with phase change has been successfully simulated for the
first time and to the authors knowledge using the presented meshfree
approach. In this sense, the range of application of FPM has been ex-
tended in this work. Since FPM is a truly meshless method there is no
need to keep a regular particle distribution in order to obtain good
numerical approximating solutions not even to compute any numerical
quadrature as in the case of other numerical methods and this re-
presents a great advantage regarding computational efficiency. FPM is a
powerful simulation tool due to its simple numerical implementation
and it has shown an excellent behaviour for the numerical simulation
on fluid flow coupled with heat transfer including phase change, in
particular for solidification and melting processes. As future work, we
are interested in considering solidification in mould filling process for
industrial process.

Appendix A. Supplementary data

Supplementary data related to this article can be found at https://

doi.org/10.1016/j.ijthermalsci.2018.07.008.
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