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Selection of Temporal Lags When Modeling Economic 
and Financial Processes 
 
Mariano Matilla-García,1 Universidad Nacional de Educación a 
Distancia (UNED), Madrid, Spain, Rina B. Ojeda, Universidad Autónoma 
de Cohauila, Mexico, and Manuel Ruiz Marín, Universidad Politécnica 
de Cartagena, Madrid, Spain. 
 
Abstract: This paper suggests new nonparametric statistical tools and 
procedures for modeling linear and nonlinear univariate economic and 
financial processes. In particular, the tools presented help in selecting relevant 
lags in the model description of a general linear or nonlinear time series; that 
is, nonlinear models are not a restriction. The tests seem to be robust to the 
selection of free parameters. We also show that the test can be used as a 
diagnostic tool for well-defined models. 

Key Words: lag selection, nonlinearity, model selection, correlation integral, 
BDS test 

INTRODUCTION 

In this paper we are particularly interested in providing new statistical 
tools that help in the process of modeling. We focus on the selection of the 
appropriate time lags when data faced by the modeler might come from a poten-
tial nonlinear or linear dynamic time process. The selection of the lags that 
should be included in a general model description of a time series is certainly a 
crucial first step for model selection. Obviously, a correct selection is essential 
in forecasting and economic model building as the introduction of information 
delay into the dynamic models significantly changes their asymptotical proper-
ties. Traditionally, autocorrelation and partial autocorrelation coefficients have 
been utilized by empirical modelers in specifying the appropriate lags. Never-
theless, it is well established (Granger & Weiss, 1983) that processes with zero 
autocorrelation could still exhibit higher order dependence or nonlinear depend-
ence. This is the case for some bilinear processes and even for pure deterministic 
chaotic models, among others. In general, autocorrelation-based procedures may 
be misleading for nonlinear models, and so might fail to detect important 
nonlinear relationships present in the data, hence of limited utility in detecting 
appropriate time lags, especially in those scenarios where nonlinear phenomena 
are more the rule than the exception. That major economic variables are of a 
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nonlinear nature and that nonlinear relationships abound among them are both 
facts that are generally accepted. One clear reason for nonlinear considerations 
is that nonlinearity comes from dependence in the error term (see Osaki 2012). 

From an econometric and a statistical point of view, this situation has 
motivated the development of tests for serial independence (see Tjostheim, 
1996, for a review) with power against alternatives exhibiting general types of 
dependence, being the vast majority of these tests of nonparametric nature, and 
hence trying to avoid restrictive assumptions on the marginal distributions of the 
model. However these tests, by construction, are not design for selecting rele-
vant lags, and this partially explains the scarcity of nonparametric techniques for 
investigating lagged dependence, regardless the linear or nonlinear nature of the 
process; this is an aspect that is unknown in most of the practical cases. Some 
notable exceptions to this relative scarcity are Granger and Lin (1994); 
Tjostheim and Auestad (1994), Granger, Maasuomi, and Racine (2004), and 
Matilla-García and Ruiz Marin (2009). A common characteristic of most (but 
not all) of these techniques is the use of entropy-based measures to identify the 
correct lag from an stastistical perspective. There are also some non-statistical 
approaches for selecting lags that have been summarized, contextualized and 
applied in Guastello, Reiter and Malon (2015) and Guastello (2016). 

An interesting line of research has been the correlation integral, 
introduced by Grassberger and Procaccia (1983, and initially designed for 
measuring the fractal dimension of chaotic data. Indeed, correlation integral 
currently constitutes an important tool in physics and natural sciences for 
analyzing some time properties of time series; see for example, Baxter and 
Kirchner (2013), Matilla-García, Ruiz Martin, Dore, and Ojeda, R. (2014), 
Figueiredo, Diambra, and Pereira (2011), and Mathew and Picu (2011), for the 
latest contributions. The correlation integral has also been widely used in 
finance and macroeconomics mainly for testing serial independence. The most 
relevant contribution is the well-known BDS test (Brock, Scheinkman, Decket, 
& LeBaron, 1996), which is precisely based on the fact that correlation integral 
factorizes when the elements of a time series are i.i.d. (independent and identi-
cally distributed). Interestingly, correlation integral has also been used 
(Hiemstra & Jones, 1994) to detect potential nonlinear causal relationships 
between time series, and it also has been applied to investigate several time 
series; for a summary of the initial applications see Mizarch, 1996). 

However, there have been several critical comments on the BDS test 
(Barnett et al., 1997; De Lima, 1996; Tjostheim, 1996, among others) regarding 
a larger over-estimation of the right level of the test, and hence tending to report 
a high false alarm rate. This can be explained, in part, because of the nontrivial 
impact of several ex ante decisions about several decisive parameters that are 
required to be taken in order to use the test. Unfortunately there is very limited 
statistical guidance (most of them are based on massive Monte Carlo experi-
ments) about its selection, and hence inappropriate values are likely to be 
chosen. 

In this article, we rely on the well-known correlation integral to 
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develop a new nonparametric statistical procedure for identifying what lag(s) to 
use when building models of unknown nature in such a way that the potential 
linear or nonlinear nature of the data generating process would not be a 
limitation. In addition, we design a bootstrap based statistical test for selecting 
among potential relevant lags. We also study the plausibility that the proposed 
technique can be used to examine the lag structure in model residuals, and 
therefore its usefulness as a potential diagnostic tool. These two last attributes 
make the approach particularly suitable for macro-econometrics and financial 
analysis. As we show in this article, our test, despite the fact it is based on the 
correlation integral, is robust to those ex ante decisions, particularly minimizing 
the role played by those decisions when selecting a proper lag for model 
selection. The seminal correlation integral requires incorporating a lag-time 
parameter to describe better the basic dynamics properties of the process. A 
significant amount of literature has emerged trying to find procedures to identify 
the delay time that helps in reconstructing and then recovering the dynamical 
properties of the data generating process; see Small and Tse, (2004) for an 
updated review. Despite the fact of the relevant role that lag selection plays, it 
was not used in BDS-type tests, as the lag was fixed at 1; this is partially 
justified because it has no effect under the null hypothesis of independence. If, 
on the contrary, within a dependence context, delay time is taken into account, 
then scenarios where dependence is not necessarily contained in consecutive-
formed classical m-histories are now allowed. 

The paper is organized as follows: Firstly we introduce the basic 
notation and main concepts that are used throughout the rest of the paper. We 
show the original concept of correlation integral, which uses time delay as a 
parameter, and its relation with Takens’ theorem. This accounts for the general 
dynamical properties of the underlying process. Secondly we present a result 
that informs about the behavior of correlation integrals when evaluated at true 
(correct) lags. This result is robust regarding the embedding dimension and 
distance. Then we introduce a bootstrap based test that helps in the identification 
of relevant lags, given a dependent stationary and non-stationary time series. 
The behavior of the test for finite sample sizes is studied for several possible 
data generating processes of linear and nonlinear nature. Given that result, an 
automatic procedure for detecting potential lags is proposed and evaluated. As a 
natural extension there is a section that deals with using the test as a diagnostic 
test for residuals. Finally, our statistical procedures to returns of the New York 
Stock Exchange index are presented. The last section provides some final 
remarks regarding the practical use of the tools presented here 

CONCEPTS AND NOTATIONS 

Our approach is based on the reconstruction of asymptotic dynamics of 
a dynamical system from observed time series realizations of a process. The 
basic idea behind state space reconstruction is that the past and the future of a 
time series both contain information about unobserved state variables that can be 
used to define a state at the present time. Reconstruction is done from a scalar 
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correlation dimension of, say, a given attractor. For invariants of this type there 
are some advantages derived from modeling and selecting together delay time 
and m via C-C methods. However, our aim is to detect structure (linear or 
nonlinear), particularly we want to assess the decision of what lag should a 
researcher utilize for modeling some univariate data; and then correlation 
integrals evaluated at different delay times for a fixed m are found to be useful. 

From the mathematical point of view, the time delay τ between 
successive elements in delay vector (1) is not very important, basically because 
the Takens embedding theorem gives no restriction on the delay time, as long as 
we have infinitely many noise-free data. This is perhaps one of the most 
important reasons for which there does not exists a rigorous way of determining 
its optimal value, and it might be unclear what properties the optimal value 
should have. The available methods for determining the optimal delay time work 
relatively well and are mainly based on heuristic arguments. This is also true for 
C-C methods for which, despite the fact of currently being an active topic of 
research in complex time series analysis, the mathematical bases of them are not 
well developed. By contrast, in the appendix of this paper we provide some 
partial mathematical results that also theoretically supports our approach. 

The use of correlation integrals leads to sometimes uncomfortable 
situations for the researcher in choosing the distance radius ε. Some research has 
been done in this regard for the classical BDS (Kanzler, 1999; Kocenda, 2001), 
but there is no clear rule of decision. In our case, such selection is not so critical, 
as it will only affect the result for the extreme cases where (a) all the pairs are 
within ε or (b) the opposite case. From a practical point of view this is an 
interesting property since it reduces the risk of obtaining an unfortunate 
conclusion based on a bad selection of the distance radius. Similar concerns 
arise when the researcher has to select the embedding parameter. No clear 
decision rule is available, and different embeddings might lead to different 
conclusions. In principle, correlation integral is expected to yield the maximum 
value regardless of parameter m when evaluated at the correct lag; however this 
and other properties should be confirmed for small sample sizes, which is the 
aim of the following subsection. 

Empirical Validation of the Proposed Technique for Finite Samples 

Via Monte Carlo simulations, we have estimated the average of the 
correlation integral for the most relevant lag τ0 of a given model and it has been 
compared with the average behavior of other non-relevant lags. The following 
models have been considered. 

The first model in the table corresponds to a standard normal white 
noise process, N(0,1). This model can be considered as a reference for this 
technique, since all lags provide the same information for the correlation 
integral. Accordingly, we do not expect to find a relevant lag. Then we study 
several stationary models: Firstly we focus on the behavior of the correlation 
integral based procedure to select the optimum lag for classic linear processes, 
MA(2) and AR(2). Provided that our procedure can be used under nonlinear 
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when we test the null that lag 1 provides the same information as lags 2, 3, 4, 5, 
and 6; the null for the second line is that lag 2 provides the same information as 
lags 1, 3, 4, 5, and 6; and the last line collects results when testing lag 6 against 
lags 1, 2, …, and 5. Notice that for Model 1 all lags theoretically contain the 
same information (they are all equally non-relevant), and therefore we are under 
the null. The results show that we are in the expected nominal level of rejection. 
Table  5. Size of the Test for Model 2 with T = 500 and 1000. 

Xt  = et + 0.8et2; et ~ N (0, 1) 

τ 3 4 5 6 
3  0.046 0.036 0.050 
  0.040 0.042 0.047 

4 0.043  0.057 0.044 

 0.047  0.046 0.047 

5 0.045 0.052  0.046 

 0.038 0.051  0.042 

6 0.064 0.042 0.047  

 0.061 0.033 0.049  
 

Table  6. Size of the Test for Model 4 with T = 500 and 1000. 

Xt  = et + 0.8e2
t-3 

τ 4 5 6 
4  0.057 0.044 
  0.046 0.047 

5 0.052  0.046 

 0.051  0.042 

6 0.042 0.047  

 0.033 0.049  

Tables 5 and 6 have to be read in the same fashion. Now we are using 
linear and nonlinear dependent models. In both models there is no theoretical 
relation beyond certain lag. Accordingly, for both models, we test again 
different possible configurations of the null: In Table 5, we test lag 3 against 
lags 4, 5, and 6; lag 4 against lags 3, 5, and 6, and so on. Our results show that 
for the selected nominal level of the test, its performance under the null 
hypothesis is correct. 

The above conclusion is especially relevant given the fact that other 
correlation integral-based tests, like BDS-type statistics, have severe size distor-
tions for finite samples (see Kanzler, 1999). We have studied the size by consi-
dering smaller sample sizes (50, 100 and 200) and the same nulls. The size is 
also correct (results are available upon request to the authors). 
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Table  7. Empirical Power of the Test, T1 = 500. 

 Lag 
 1 2 3 4 5 6 

Stationary  
MA(2) 0.974 1.0 1.0 1.0 0.999 
AR(2) 1.0 1.0 1.0 1.0 1.0 
NMA(3) 0.568 0.603 0.621 0.595 0.773 
NAR(1) 1.0 1.0 1.0 1.0 1.0 
Logistic 1.0 1.0 1.0 1.0 1.0 
BL(2,1) 0.99 0.991 0.812 0.989 0.887 
ARCH(2) 0.92 0.993 0.986 0.99 0.976 
ARCH(3) 0.734 0.756 0.875 
GARCH(1,1) 0.569 0.703 0.843 0.874 0.898 

Non-Stationary  
RW(1) 0.747 0.845 0.907 0.932 0.947 
RW(2) 0.991 0.991 0.785 0.989 0.868 
RW(3) 0.985 0.987 0.985 0.981 0.766 

Tables 7 and 8 gather results of power experiments. Both tables have to 
be read line by line (model by model). Each line (model) has an empty cell 
whose column is indicative of the lag we are using for the test: For example, the 
empty cell for model MA(2) is at column 2, which means that, for this particular 
model, we test lag 2 against the remainder lags, namely, 1, 3, 4, 5, and 6. This is 
so because the relevant lag for the MA(2) model is 2, and then we estimate the 
probability of rejecting the null that lag 2 has no more information than any 
other considered lag. Power performance is extremely good, regardless the 
sample size, for the linear models (MA and AR), and interestingly the same 
applies for the nonlinear autorregresive process, the deterministic logistic map 
and the bilinear process. These results are especially interesting because (a) for 
the bilinear model, which exhibits conditional dependence through the first two 
lags, the theoretical autocorrelation and partial autocorrelations functions are the 
same as those of white noise and therefore using classical correlation-based 
methods will give erroneous conclusions. (b) Something similar happens with 
the logistic map, with the added problem of being purely deterministic; and (c) 
as reported in Granger and Lin, (1994), Kendal’s tau test performs poorly for 
NAR processes. For the moving average nonlinear model generated with lag of 
order 3, the power of the test is relatively good for the largest sample size, while 
results are more discrete when we consider 500 observations. These results seem 
to indicate that the new test is especially useful in situations of uncertainty about 
the linear or nonlinear nature of the conditional mean of the process, as 
nonlinear and linear process are clearly detected by considering correlation 
integrals on different lags. 
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small m, say 3, it will be possible, for example, to detect a long-term cyclical 
variation by using the proper lag(τ). This is important since our selecting 
procedure will not be necessarily affected by the well-known problem of the 
curse of dimensionality that regularly affects nonparametric approaches. 

In order to evaluate whether our techniques are useful or not for the 
purpose of the paper we now consider the following model: 

X
t
 04X

t 6
 04X

t 10
 

t
, (11) 

for which d = 2 and i1 = 6  and  i2 = 10.  
We firstly consider a Monte Carlo simulation similar to the one 

presented in previous sections. We have used in this occasion 15 possible lags, 
and also we have evaluated the procedure for T = 1000 and 500 observations. 
Table 9 summarized the results. It can be observed that for each true lag (i.e., 6 
and 10) the null is rejected against other potential lags. Notice that we do not 
reject the null when we test lag 6 against lag 10, and vice versa, because they are 
both equally relevant. 
Table  9. Monte Carlo Results for Model 11. 

  Selected 
  6  10 
Lag  T=1000 T=500  T=1000 T=500 

1  0.987 0.928  0.977 0.957 
2  0.981 0.921  0.974 0.954 
3  0.962 0.892  0.664 0.764 
4  0.988 0.928  0.976 0.956 
5  0.948 0.880  0.859 0.829 
6     0.042 0.062 
7  0.991 0.931  0.992 0.942 
8  0.953 0.903  0.950 0.920 
9  0.992 0.932  0.990 0.940 

10  0.049 0.061    
11  0.986 0.926  0.980 0.940 
12  0.994 0.934  0.953 0.953 
13  0.976 0.916  0.989 0.959 
14  0.984 0.924  0.990 0.960 
15  0.979 0.969  0.987 0.977 

According to the results presented so far, a simple strategy for 
obtaining the correct lags is to search for that lag it* for which correlation 
integral yields the maximum value, and then use the bootstrap-based approach to 
test against other potential lags. As it is possible that more than one lag is 
relevant for modelling (as in model 11), we also select those lags that have not 
been rejected by the test, namely i2*, …, id*. Note that this procedure allows 
considering the case where d is small.  
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In order to evaluate this sequential process, we have used it to detect 
lags for model 11. The evaluation has been done by considering a set of 15 pos-
sible lags, ranging from 1 to 15. Notice that this implies a lot of possible combi-
nations (32,767) of potential lag structure configurations (i.e., number of lags 
that were used to generate the time series, d, and what specific lags, {i*1 … i*d}. 
Among all possible combinations, the correct one is d = 2, i*1 = 6, i*2 = 10. 
Three sample sizes were used (1000, 500, and 250). Table 10 shows the 
proportion of times for which our sequential procedure selects (first column) d = 
1 and i*1 = 6 or 10, (second column) d = 2, i* = 6 and 10, and (third column) i* 
different from 6 and 10. The most salient fact is the capacity of our procedure to 
correctly select lags avoiding the risk of introducing false lags. In addition, this 
is done by selecting the right (optimum) number of lags. Given the 
nonparametric nature of the technique, results for the smaller sample size are 
less remarkable. 

Table  10. Proportion of Times that Some Possible Lag Structures are Selected. 

 Only lags Only lags Neither lag 6,
T 6 or 10 6 and 10 nor 10

1000 1 0.891 0
500 1 0.859 0
200 0.851 0.612 0.149

THE USE OF THE TEST AS A DIAGNOSTIC TOOL 

This section addresses the issue of the usability of the proposed 
techniques to the estimated residuals from a model fitted to the raw data. This is 
a common feature in diagnosis testing procedures, as occasionally researchers 
are interested in removing, via a linear filter, linear dependence (in the 
conditional mean) that might be present in the data. Similarly as in previous 
sections, we consider the case where the researcher needs to identify lag 
dynamical structure in models that exhibit some linear or nonlinear dependence 
in higher conditional moments. If there is nonlinear dependence in the residuals, 
our test will be able to hint what lag(s) to use in modeling conditional moments, 
which is especially interesting in financial modeling. 

However, often a statistic behaves well for raw data, but not for 
estimated residuals. This fact usually arises because the statistic of interest 
would take the form of a member of a common family, except for some vital 
unknown parameter, and therefore must be estimated. That is, the asymptotic 
distribution of the test might be affected by the estimation process. Those tests 
where the intermediate step does not affect the distribution of the test are known 
as nuisance parameter-free tests. 

Sufficient conditions under which correlation based tests are nuisance 
parameter-free have been studied in De Lima (1996). To ensure this invariance 
property, it is found that the model has to be additive, such as yt = f(Yt-1,) + et,                         or for models that can be transformed into this format. On the contrary, our 
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= 0.05. Sample sizes are T1 = 500, T2 = 1000 and T3 = 2000, and, the number of 
bootstrap samples in each case was B = 199. The number of replicas for the 
simulation was of Nr  = 1000. These tables indicate the proportion rejection rate 
under a true null. Tables must be read line by line: The first line shows the 
rejection rate when the test considers lag 1(τ0  = 1) against lags 2, 3, . . . , 6. The 
interpretation of other lines has to be done in the same fashion. Results are in 
line with the expected values to which the identification technique was applied 
to. The values are within the range [0.036, 0.066] for α = 0.05. Notice as well 
that this empirical good behavior for the size is independent of the sample size. 

Table  12. Size of the Test of the Model Residual Series ARMA(1,1)-N(0,1), Size 
T1  = 500. 

 τ
τo 1 2 3 4 5 6
1  0.051 0.051 0.065 0.040 0.051
2 0.049  0.050 0.040 0.042 0.058
3 0.052 0.050  0.043 0.038 0.047
4 0.047 0.062 0.04  0.050 0.053
5 0.046 0.055 0.050 0.046  0.060
6 0.053 0.058 0.047 0.050 0.051  

Table  13. Size of the Test of the Model Residual Series ARMA(1,1)-N(0,1), Size 
T2  = 1000. 

 τ
τo 1 2 3 4 5 6
1  0.059 0.042 0.040 0.042 0.045
2 0.047  0.059 0.048 0.053 0.055 
3 0.036 0.063  0.050 0.054 0.044 
4 0.042 0.055 0.063  0.370 0.061 
5 0.042 0.056 0.052 0.037  0.046 
6 0.054 0.054 0.037 0.041 0.045  

 
Table  14. Size of the Test of the Model Residual Series ARMA(1,1)-N(0,1), Size 
T3  = 2000. 

 τ
τo 1 2 3 4 5 6
1  0.048 0.053 0.038 0.047 0.039
2 0.039  0.043 0.042 0.056 0.036 
3 0.053 0.043  0.047 0.042 0.057 
4 0.038 0.058 0.053  0.045 0.055 
5 0.046 0.055 0.054 0.066  0.061 
6 0.042 0.056 0.051 0.037 0.052  
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Tables  15, 16, and 17 present the empirical power of the test  for the 
squared residual series resulting from filtering with an ARMA(1,0), ARMA(0,1) 
and ARMA(1,1), the three ARMA-GARCH models described in Table 7, for 
sizes T1 = 500, T2 = 1000 and T3 = 2000. The significant delay in all three 
models is τo = 1. It can be seen that (a) the behaviour of the test for the three 
considered models is basically the same regardless the sample size. (b) Power 
increases with the sample size. (c) According to the rejection rates, we 
recommend using the test as diagnostic test of the residuals for sample sizes 
containing at least 1,000 observations. 
Table  15. Power of the Test to Residual Series from an ARMA(1,0)-GARCH(1,1) 
Model. 

 τ
 1 2 3 4 5 6 
T1  = 500  0.358 0.424 0.539 0.593 0.634
T2  = 1000  0.550 0.697 0.820 0.892 0.891 
T3  = 2000  0.772 0.906 0.967 0.987 0.990 

Table  16. Power of the Test to Residual Series from an ARMA(0,1)-GARCH(1,1) 
Model. 

 τ
 1 2 3 4 5 6 
T1  = 500  0.340 0.401 0.534 0.586 0.640
T2  = 1000  0.549 0.682 0.812 0.863 0.885 
T3  = 2000  0.807 0.909 0.976 0.988 0.992 

Table  17. Power of the Test to Residual Series from an ARMA(1,1)-GARCH(1,1) 
Model. 

 τ
 1 2 3 4 5 6 
T1  = 500  0.358 0.433 0.536 0.606 0.642
T2  = 1000  0.563 0.700 0.812 0.858 0.902 
T3  = 2000  0.772 0.908 0.964 0.987 0.989 

EMPIRICAL APPLICATION TO THE STOCK EXCHANGE MARKET 

As indicated at the beginning of the paper, the principal aim is to put 
forward a non-parametric tool that might help econometric modelers, in the 
sense of assessing their decisions without necessarily initially assuming a speci-
fic model. This section is devoted to illustrating how our tools can be used for 
modeling real data, and for this end we have considered a well-known empirical 
time series, namely, the returns obtained from closing values of the daily New 
York Stock Exchange (NYSE) International 100 index from 2000 to 2008. 

Given the series of returns, our proposal consists of using the tools 
presented in the previous sections. Particularly, we are going to apply the auto-
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matic procedure suggested described, as it incorporates all the presented statis-
tical techniques based on correlation integrals, and therefore it allows to system-
atically taking into account the potential linear and/or nonlinear structure that 
returns might have. Later, the selected lag(s) have to be used for the modeler to 
address questions like modeling the mean and then the conditional variance. 
Notice that in many cases in financial time series the interest is not in modeling 
the mean, as it is of little interest, and much interest is devoted to the conditional 
variance, which in turn implies assuming a nonlinear stochastic process. 

According to our procedure the first step is to find the most relevant lag 
and then using the bootstrap approach to test against other potential lags. The 
correlation integral yields a maximum for NYSE index returns at first lag          
(τ = 1), and when compared with other 6 consecutive lags (τ = 2, 3, 4, 5, 6), the 
test reveals that no other lag should be selected. At this point the conclusion for 
the modeler is to use the first lag to model the NYSE returns. Thus it is not 
necessary to incorporate more lags. 

Generally, the time series modeler might be interested in estimating an 
ARCH-type model (see Franq and Zakoian (2010) for a review and Woźniak 
(2012) for alternative treatments), and so we will proceed accordingly to this 
end, but using always the information given for the new statistical procedure 
based on correlation integrals. The first step then will be to estimate the model 
of the mean, initially we rely on our previous findings, i.e., that only the first lag 
is relevant and we can fit an AR(1) model (standard errors in parentheses) 

r
t
 00026

(00247)
 0061

(00213)
r
t1


t
  (12) 

Although the first moment is not central for the modeler, as she is 
focused on the second moment, what we suggest is to use the first lag to filter 
and then obtain the residuals. 

The next step will be to test the squared residuals and analyzed them. 
For example a Lagrange Multiplier test for five (working days) lags shows a 
statistic of 227.9 with a p-value lower than 0.0001, suggesting GARCH-type 
errors. So the modeler can now clearly see that it is worth modeling the 
conditional variance. As a first approach she might want to estimate a GARCH 
model, for which lags need to be selected, according to the new procedure again 
the first lag should be enough, as the remaining lags are not significant when 
compared with the first lag. The estimated GARCH model is the GARCH(1,1), 
for ht being the conditional variance of the error term: 

 rt = 0.04 – 0.06rt-1 + t 
        (0.019)  (0.021) 
ht = 0.01 + 0.07t

2 + 0.92ht-1 

      (0.004)     (0.108)       (0.011) 

In many situations the modeler is not satisfied with the estimated 
model. This is for example the case, as the standardized residuals, st =εˆt /hˆ1/2t, 
show leverage effects, that is, squared standardized residuals are significantly 
correlated with st-1, … , 
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Now by the triangular inequality we have that  
   ( )( )t d s d t d s d t d s dE f c X X K E                        . 

On the other hand, since t  are i.i.d., N(0, 2), it follows that  

2( )t d s dE            

and thus we obtain that  

 
0 0

2
t d s dE X X K     

         

Hence for E(|Xt-d-0 – Xs-d-0|) to be smaller than  it is enough to chose  

2

1 K


  


 (15) 

Now with the choice of  given in Eq. 15 we can proceed inductively to obtain  

 
0 0t d h s d hE X X            

for h = 2, …, m -1. Hence it follows that     
 

for all d = 1, 2, …, m -1,  as desired. This finishes the proof of the theorem.  
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