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1. Introduction

During the past 30 years different type of meshless methods for
solving partial differential equations have been developed with the
objective of eliminating part of the difficulties arising when
mesh-based methods are used. The starting point of these methods
was the smooth particle hydrodynamics (SPH) method proposed
by Lucy [1] and Gingold and Monaghan [2] in the area of astro-
physics and applied later in other research fields. For a good over-
view on meshless methods we refer to [3] and references therein.

In the field of heat transfer by conduction different meshless
methods have been already applied. Among these scientific works
some of the recent publications, to the authors knowledge, are the
following works: Liu et al. [4] uses a meshless weighted
least-squares method for heat conduction. Chen et al. [5] applied
a corrective SPH method to solve unsteady heat conduction prob-
lems. Cheng and Liew [6,7] applied the reproducing kernel particle
method (RKPM) for two and three-dimensional unsteady heat con-
duction problems, respectively. We refer to [7] for a concise and
recent overview on meshless methods on the field of heat conduc-
tion problems.

Welding is one of the most common manufacturing processes
for joining structural elements in a wide variety of applications.
For most of these applications is desirable to determine the heat
transfer and the space–time temperature distribution since the
metallurgical properties of the product near to the weld, as well
as strength and sureness of the join, are highly dependent on tem-
perature [8].

The basic theory of heat transfer was developed by Fourier [9]
and later in 1930 it was applied to problems with moving heat
sources by Rosenthal [10]. The solution of Rosenthals model for
moving heat transfer problem through mesh-based methods
requires small time steps as well as the construction of a fine or
an adaptive meshing to achieve an accurate representation of the
position of the moving heat source and the spatial variation of heat
flux [11]. All these requirements make this kind of methods com-
putationally costly.

The solution for the unsteady heat conduction equation with a
moving heat source under this context has been recently studied
by Pham in [12] using the meshless element free Galerkin (MEFG)
method. As another alternative we propose in this work the appli-
cation of the so called Finite Pointset Method (FPM). This method
is a truly meshless method developed by Kuhnert [13] in the
Fraunhofer-Institut für Techno-und Wirtschaftsmathematik, in
Kaiserslautern, Germany. FPM uses the weighted least-squares
method to approximate the spatial derivatives and for solving ellip-
tic partial differential equations, and it has been already applied in
the fields of fluid mechanics [14–17] and radiative heat transfer
problems [18]. A slightly previous and different version of FPM is
the finite point method developed by Oñate [19]. This method also

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2015.06.023&domain=pdf
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2015.06.023
mailto:eresendiz@its.com
mailto:feliks@live.com.mx
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2015.06.023
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt


Table 1
Parameters for the test case.

Parameter Value

Length 100 mm
Width 50 mm
Specific heat 658 J=kg=�C
Material density 7:6 � 10�6 kg=mm3

Thermal conductivity 0:025 W=mm=�C
Maximum heat source rate 5 W=mm3

Radius of heat source 2 mm
Velocity of heat source 2 mm=s
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uses a weighted least-square interpolation scheme but adopts the
point collocation method to obtain the discrete equations. Later
on, a very close version of the FPM of Kuhnert has been also devel-
oped by Cheng and Liu [20], in the field of fluid mechanics. Recently
the Finite Pointset Method has been also studied by Reséndiz et al.
in [21] for the numerical solution of heat conduction problems in a
two dimensional setting. In this work we propose the application of
the Finite Pointset Method of Kuhnert to the numerical simulation
of heat transfer problems which are present during welding mate-
rials processing begin the first time, to the authors knowledge, that
this method is applied in this particular research field. In order to
get some insight on his performance we compare the numerical
solution to the one obtained by means of the finite element method.

The structure of the paper is as follows: Section 2 shortly
describes the partial differential equations that it is going to be
considered. Section 3 describes in a concise manner the basic ideas
behind FPM. Section 4 presents some issues regarding the numer-
ical implementation of FPM followed by the numerical test pre-
sented in Section 5 with the corresponding results. Finally some
conclusions are given in last section.

2. The mathematical model

We consider the well known heat conduction equation which
reads

qc
@T
@t
� kDT ¼ _Q ð1Þ

where T;q; c; k and _Q denote the temperature, material density,
heat capacity, thermal conductivity and heat source, respectively.
Considering that we have a moving heat source with velocity v
and referring to [10,12] this equation can be reformulated as
follows

qc
@T
@t
� vqc

@T
@x
� kDT ¼ _Q ð2Þ

which is known as the Rosenthal formulation.
The considered moving heat source in this paper is of Gaussian

type and it is defined as follows

_Q ¼ Q0e�r2=r2
0 ð3Þ

where Q0; r and r0 denotes the maximum energy power, the radial
distance to the center and the radius of the heat source,
respectively.

3. The FPM method

In this section we describe the main ideas of the FPM method
proposed by [13]. The FPM is a member of the family of the least
square (LS) methods and it is closely related to the finite point
method by Oñate et al. [19,22]. Although they are very similar they
are not identical. The main difference is that finite point method of
Oñate uses polynomial basis and the FPM method uses Taylor ser-
ies which allow to compute, by an LS approach, the function and its
derivatives values that naturally appear as unknown coefficients in
the series.

The method is based on the so-called moving least squares pro-
cedure which is shortly described next, following [18]:

Let X be a given domain with boundary @X and suppose that
the set of points x1;x2; . . . ;xn is distributed with corresponding
function values f ðx1Þ; f ðx2Þ; . . . ; f ðxnÞ. The problem is to find an
approximate value of f at some arbitrary location f ðxÞ. Thus, the
following procedure can be applied:

Define the approximation to f ðxÞ as
~f ðxÞ ¼
Xm

k¼1

pkðxÞbkðxÞ ¼ ptðxÞbðxÞ ð4Þ

whose local version reads

~f ðx; �xÞ ¼
Xm

k¼1

pkð�xÞbkðxÞ ¼ ptð�xÞbðxÞ ð5Þ

where pkðxÞ denotes a set of linear independent functions, in partic-
ular, they can be linear monomials.

Now, minimize the quadratic form

J ¼
Xn

j¼1

wðx;xjÞe2
j ð6Þ

¼
Xn

j¼1

wðx;xjÞ
Xm

k¼1

pkðxjÞbkðxÞ � f ðxjÞ
 !2

ð7Þ

in order to get the optimal coefficients

b ¼ A�1Bf ¼ ðBPÞ�1Bf ¼ ðPtWPÞ�1ðPtWÞf ð8Þ

where

P ¼

p1ðx1Þ p2ðx1Þ � � � pmðx1Þ
p1ðx2Þ p2ðx2Þ � � � pmðx2Þ

..

. ..
. . .

. ..
.

p1ðxnp Þ p2ðxnp Þ � � � pmðxnp Þ

2
66664

3
77775 ð9Þ

W ¼

wðx; x1Þ 0 � � � 0
0 wðx;x2Þ � � � 0

..

. ..
. . .

. ..
.

0 0 � � � wðx; xnp Þ

2
66664

3
77775 ð10Þ

f ¼ ½f ðx1Þ; f ðx2Þ; . . . ; f ðxnp Þ
t ¼ ½f 1; f 2; . . . ; f np

�t ; ð11Þ

bðxÞ ¼ ½b1ðxÞ; b2ðxÞ; . . . ; bmðxÞ�t ð12Þ

np denotes the number of neighbor points xj of x and wðx;xjÞ
denotes a weight function with compact support. Moreover, differ-
ent weight functions have been used in the literature and the most
common functions are the cubic spline and the Gaussian functions,
being the last one chosen to be used in this paper.

Once b is known the function approximation at point x reads

~f ðxÞ ¼
Xm

k¼1

pkðxÞbkðxÞ ¼ ptðxÞAðxÞ�1BðxÞf ¼ UðxÞf ð13Þ

If the base functions piðxÞ are defined as follows:

pt ¼ ½1;Dxj;Dyj; . . .�; ð14Þ

where Dxj ¼ xj � x and Dyj ¼ yj � y for j ¼ 1; . . . ;np, the following
equivalent representation is obtained

~f ðxÞ ’
Xm

k¼1

pkðxÞbkðxÞ ¼ f ðxjÞ þ rf ðxjÞ � Dxj þ � � � ð15Þ



Fig. 1. Geometry discretization for FEM.
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Fig. 2. Geometry discretization for FPM.
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Fig. 4. Temperature profiles.

E.O. Reséndiz-Flores, F.R. Saucedo-Zendejo / International Journal of Heat and Mass Transfer 90 (2015) 239–245 241
which implies that under this representation the new vector of
unknown coefficients becomes

bðxÞ ¼ ½f ðxÞ; @xf ðxÞ; @yf ðxÞ; . . .�t ð16Þ

In this way we automatically get the values of the function and its
derivatives at points x. We refer to [14] for a more explicit presen-
tation of the FPM method applied to the Poisson equation.
Fig. 3. Top: FEM.
4. Numerical Implementation

Along this section we will describe some issues regarding the
numerical implementation for FPM applied to two dimensional
problems of the following form

qc
@T
@t
� vqc

@T
@x
� kDT ¼ _Q ; in X ð17Þ

with the following boundary conditions

T ¼ T on C1 ð18Þ

n � krT ¼ �q on C2 ð19Þ

and initial condition

Tjt¼0 ¼ T0 ð20Þ

where X denotes de domain of interest, @X ¼ C1 [ C2 is the bound-

ary. T; _Q ; k; c;q; v and n denotes the temperature, source of heat
generation per unit volume, thermal conductivity, specific heat of
the material, density of the material, heat source velocity and the
unit outward normal to the boundary, respectively.

If we discretize Eq. (17) using the implicit Euler scheme with
respect to time we obtain

qc
T � Tt�1

Dt
� vqc

@T
@x
� kDT ¼ _Q ð21Þ
Bottom: FPM.
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where Dt denotes the time step. Defining

A ¼ qc
Dt
; B ¼ ½�vqc;0�t; C ¼ �k; F ¼ _Q þ qcTt�1

Dt
ð22Þ

Eq. (21), which is an elliptic partial differential equation, can be
written in the following general form:

AT þ B � rT þ CDT � F ¼ 0 ð23Þ
4.1. FPM discretization

4.1.1. FPM form for general elliptic partial differential equations
Eq. (23) has been already studied by Tiwari and Kuhnert in

[17,23]. Following their works we present, for completeness, the
corresponding FPM discretization under this setting.
Fig. 5. FEM approximation for
In the FPM representation for general elliptic equation, the
matrices we need to compute by each particle in X take the follow-
ing form:

If xi 2 X, then

P¼

1 h1;1 h2;1 h3;1
1
2h2

1;1 h1;1h2;1 h1;1h3;1
1
2 h2

2;1 h2;1h3;1
1
2h2

3;1

1 h1;2 h2;2 h3;2
1
2h2

1;2 h1;2h2;2 h1;2h3;2
1
2 h2

2;2 h2;2h3;2
1
2h2

3;2

..

. ..
. ..

. ..
. ..

. ..
.

1 h1;m h2;m h3;m
1
2 h2

1;m h1;mh2;m h1;mh3;m
1
2h2

2;m h2;mh3;m
1
2 h2

3;m

A B1 B2 B3 C 0 0 C 0 C

0
BBBBBBBBBB@

1
CCCCCCCCCCA

ð24Þ
t ¼ 5;15;25;35 and 45 s.



Fig. 6. FPM approximation for t ¼ 5;15;25;25 and 45 s.
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and

W ¼

wðx� x1Þ 0 � � � 0
0 wðx� x2Þ � � � 0

..

. ..
. . .

. ..
.

0 0 � � � wðx� xnÞ
0 0 � � � 1

2
66666664

3
77777775

ð25Þ

where h1;j ¼ Dxj;h2;j ¼ Dyj and h3;j ¼ Dzj.
If xi 2 C1 we have to add the following rows to the matrices P

and W, respectively,

ð1;0;0; � � � ;0Þ; ð0;0; � � � ;1Þ ð26Þ

In the case of Neumann boundary conditions (xi 2 C2) we add
the following rows to P and W, respectively,

ð0;nx;ny;nz;0; � � � ;0Þ; ð0;0; � � � ;1Þ ð27Þ

where n ¼ ðnx;ny;nzÞt denotes the normal vector to the boundary.
Considering the moving least squares solution

b ¼ ðPtWPÞ�1ðPtWÞf ¼ VðPtWÞf; ð28Þ

taking v ¼ ðv1;1;v1;2; . . . ;v1;10Þ which denotes the first row of V and
working out the terms in 28, we can see that the following linear
equations arise

wj �
XnðjÞ
i¼1

wji v1;1 þ v1;2h1;i þ v1;3h2;i þ v1;4h3;i þ v1;5
h2

1;i

2
þ v1;6h1;ih2;i

 

þv1;7h1;ih3;i þ v1;8
h2

2;i

2
þ v1;9h2;ih3;i þ v1;10

h2
3;i

2

!
wji

¼ ðv1;1Aþ v1;2B1 þ v1;3B2 þ v1;4B3 þ v1;5C þ v1;8C þ v1;10CÞf
þ ðv1;2nx þ v1;3ny þ v1;4nzÞ/ ð29Þ

where wj denotes the unknown function values at particle j and nðjÞ
the number of jth-particle neighbors within the shape function sup-
port. Since Eq. (29) is valid for j ¼ 1;2; . . . ;n this can be arrange in a
full sparse system of linear equations L ~W ¼ R which can be solved
by iterative methods.

4.2. Weight function

In many meshless methods the weight function can be very
arbitrary. Among the most common weight functions that have
been used we can find the exponential, Gaussian, cubic spline,
spline and quadratic SPH spline weight functions [3]. However,
in this version of FPM the following Gaussian type function has
been chosen [14,15,17,23]:

wðx� xiÞ ¼
e�ckx�xik2=h2

; if
kx� xik

h
6 1

0 else

8<
: ð30Þ
5. Numerical results

The Finite Pointset Method is implemented in a
two-dimensional setting for a rectangular geometry. The test cases
has been taken from the problem configuration studied in [12]
whose parameters are presented, for completeness, in Table 1.
The geometry discretizations for FEM and FPM are presented in
Figs. 1 and 2, respectively.

The two numerical studied cases correspond to the stationary
and non-stationary problems described by (17)–(20). In the sta-
tionary case the temperature distribution over the entire plate is
shown in Fig. 3 while Fig. 4 depicts a one dimensional temperature
profiles comparison. It is seen that we obtain a perfect matching on
the temperature distribution with both methods. In a similar man-
ner Figs. 5 and 6 show the temperature distribution for the
non-stationary case while a one dimensional temperature profiles
comparison for several time instances is reported in Fig. 7. This
time we obtain a small difference on the temperature values
around the front of the heat source. We believe this behavior could
be improved by the implementation of a finer and local particle
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generation technique around the source area as suggested for
example in [24]. In general we obtained a good matching on the
temperature profiles which suggest that FPM is indeed a good, rel-
atively simple and efficient real full meshfree method that can be
considered in order to solve more complex heat transfer problems
involving moving heat sources in the simulation of welding
problems.

6. Conclusions and future work

We have successfully implemented and reported for the first
time and to the authors knowledge, the discussed version of the
FPM method for stationary and non-stationary two dimensional
heat transfer problems involving a moving heat source which is
present in welding process. Based on the numerical performance
we can conclude that FPM is other truly meshless method that
can be used to successfully solve more complex physical phenom-
ena. The biggest advantage of FPM over other particle methods is
that FPM is a real full meshfree method, since it does not need to
compute any numerical quadratures, thus a background mesh
arrangement/structure for Gaussian points is not needed as it is
the case for FEM and other meshfree methods which solve the
PDE weak form. In this sense FPM is promising since it is a feasible
and much simpler method for real problems solving that involves
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heat sources and it is important to mention that boundary condi-
tions are imposed in a simpler manner compared to other methods
including FEM. We do not claim that FPM is superior than FEM in
the sense of convergence, CPU time or accuracy since the main pur-
pose of this work is the introduction of FPM in the context of
numerical simulation of heat transfer with moving heat sources.
Much work should be done in order to claim this. However, FPM
is far superior than FEM in the context of free surface problems
in fluid mechanics and we believe that its adaptative ability to
manage the local set of points, corresponding to the discretized
geometry, in regions of high resolution could be of advantage over
remeshing techniques used by FEM in the context of welding pro-
cesses. Thus, we believe that probably it would be not necessary
the use of adaptive meshing techniques, like those used in FEM,
over the entire welding trajectory but only locally by some adding
or deleting strategy of discretization points. Clearly this is a
research issue for future work. We are also interested in the exten-
sion to a three dimensional setting as well as a local adaptive strat-
egy acting only around the heat source domain in order to avoid a
fine particle distribution on the entire domain of interest.
Moreover, we are also interested on the mathematical modeling
and numerical solution of the coupling with other physical phe-
nomena which also occur during welding processes.

Conflict of interest

None declared.

Acknowledgement

We would like to thank Dr. Pedro Pérez Villanueva from the
Mexican Corporation for Materials Research (COMIMSA) for the
provided computer facilities.

References

[1] L.B. Lucy, A numerical approach to the testing of the fission hypothesis, Astron.
J. 82 (1977) 1013–1024.

[2] R.A. Gingold, J. Monaghan, Smoothed particle hydrodynamics: theory and
applications to non-spherical stars, Monthly Notices R. Astron. Soc. 181 (1977)
375–389.

[3] V.P. Nguyen, T. Rabczuk, S. Bordas, M. Duflot, Meshless methods: a review and
computer implementation aspects, Math. Comput. Simul. 79 (2008) 763–813.
[4] Y. Liu, X. Zhang, M.-W. Lu, A meshless method based on least-squares approach
for steady-and unsteady-state heat conduction problems, Numer. Heat
Transfer, Part B 47 (2005) 257–275.

[5] J. Chen, J. Beraun, T. Carney, A corrective smoothed particle method for
boundary value problems in heat conduction, Int. J. Numer. Methods Eng. 46
(1999) 231–252.

[6] R. Cheng, K. Liew, The reproducing kernel particle method for two-dimensional
unsteady heat conduction problems, Comput. Mech. 45 (2009) 1–10.

[7] R. Cheng, K. Liew, A meshless analysis of three-dimensional transient heat
conduction problems, Eng. Anal. Bound. Elem. 36 (2012) 203–210.

[8] Z. Genkin, Welding and heat treatment of joints in railway rails in induction
equipment, Welding Int. 19 (2005) 160–164.

[9] J. Fourier, Théorie analytique de la chaleur, Firmin Didot Pere et Fils, 1882.
[10] D. Rosenthal, Mathematical theory of heat distribution in welding and cutting,

Welding J. 20 (5) (1941) 220–234.
[11] K. Mundra, T. DebRoy, K.M. Kelkar, Numerical prediction of fluid flow and heat

transfer in welding with a moving heat source, Numer. Heat Transfer 29
(1996) 115–129.

[12] X.-T. Pham, Two-dimensional Rosenthal moving heat source analysis using the
meshless element free Galerkin method, Numer. Heat Transfer, Part A 63
(2013) 807–823.

[13] J. Kuhnert, General smoothed particle hydrodynamics (Ph.D. thesis),
Technische Universität Kaiserslautern, 1999.

[14] S. Tiwari, J. Kuhnert, Grid free method for solving the poisson equation,
Berichte des Fraunhofer ITWM 25.

[15] S. Tiwari, J. Kuhnert, Finite pointset method based on the projection method
for simulations of the incompressible Navier–Stokes equations, Springer
LNCSE: Meshfree methods for Partial Differential Equations, 26.

[16] S. Tiwari, S. Antonov, D. Hietel, J. Kuhnert, F. Olawsky, R. Wegener, A meshfree
method for simulations of interactions between fluids and flexible structures,
Lect. Notes Comput. Sci. Eng. 57 (2006) 249–264.

[17] S. Tiwari, J. Kuhnert, Modeling of two-phase flows with surface tension by
finite pointset method (FPM), J. Comput. Appl. Math. 203 (2007) 376–386.

[18] A. Wawreńczuk, J. Kuhnert, N. Siedow, FPM computations of glass cooling with
radiation, Comput. Methods Appl. Mech. Eng. 196 (2007) 4656–4671.

[19] E. Oñate, S. Idelsohn, O. Zienkiewics, R. Taylor, A finite point method in
computational mechanics. Applications to convective transport and fluid flow,
Int. J. Numer. Methods Eng. 39 (1996) 3839–3866.

[20] M. Cheng, G. Liu, A novel finite point method for flow simulation, Int. J. Numer.
Methods Fluids 39 (2002) 1161–1178.
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