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Abstract. The purpose of this work is to carry out a Lagrangian semi-implicit 

Generalized Finite Differences (GFDM) implementation to simulate transient 

natural convective viscous flows. The solution of the incompressible Navier-

Stokes equations is formulated through a first order Chorin’s projection method 

whilst the energy equation is implicitly discretized with a first order Euler 

Scheme. The incorporation of the boundary conditions is done in a direct man-

ner and finally, the simplicity and the accuracy of this approach are demonstrat-

ed through the solution of a two-dimensional benchmark problem. 

Keywords: Meshless Method, Generalized Finite Differences Method, GFDM, 

Thermal Convective Flow, Finite Pointset Method. 

1 Introduction 

Natural convective flow is a physical phenomenon involved in many industrial appli-

cations such as cooling devices, insulation tools, thermal energy collection devices or 

double glazing, to name just a few of them, and it is involved too in many material 

transformation processes as casting, mould filling and furnace treatments. Therefore, 

many theoretical, numerical and experimental studies on natural convective flows and 

heat transfer in two-dimensional enclosures have been performed [1]. Unfortunately, 

it is very difficult to improve and optimize this kind of processes with experimental 

techniques since it is impossible to exactly measure velocities, temperatures and pres-

sures without interfering with the process. 

Numerical simulation is commonly used to improve these processes since it pro-

vides a large amount of information that cannot be obtained through other methods. 

Numerical mesh-based methods such as the Finite Element Method (FEM), Finite 

Difference Method (FDM), and more recently, meshfree methods as Lattice Boltz-

mann Method (LBM), Local Radial Basis Function Method (LRBFM), Meshless 

Local Petrov-Galerkin Method (MLPG), Oñate’s Finite Point Method (FPM) and the 

Local Radial Basis Function Collocation Method (LRBFCM) have already been used 

to analyze this kind of processes [1-6]. The advantages of meshfree methods over 
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mesh-based methods are that they use a set of finite nodes to represent the problem 

domain and its boundaries without requiring any information about the relationship 

between nodes so that they do not form an element mesh which lets to model discon-

tinuities and deformations in the domain without the need to use remeshing approach-

es. Therefore, this fact provides the flexibility to add or remove nodes wherever and 

whenever needed and it lets to easily develop adaptive schemes. 

A truly meshfree GFDM is the so called Finite Pointset Method (FPM) developed 

by J. Kuhnert [7]. It has proven to be far superior to traditional mesh-based and some 

other meshless methods to treat  fluid dynamics problems with rapidly changing do-

mains, free surface or multiphase flows, and heat transfer problems [7-11]. This is a 

Lagrangian strong-form method which uses the weighted least-squares (WLSM) in-

terpolation scheme to approximate the spatial derivatives and to solve elliptic partial 

differential equations [8]. It has many advantages over other methods since it is able 

to naturally and easily incorporate any kind of boundary conditions without requiring 

any special treatment or stabilization and it is really simple to implement. Therefore, 

in this work we propose the application of Finite Pointset Method of Kuhnert to mod-

el transient natural convective viscous flows. In order to get some insight on his per-

formance we compute the numerical solution of a benchmark test. The structure of the 

paper is as follows: Section 2 shortly describes the governing equations. Section 3 

describes the basic ideas of FPM and the numerical procedure used to solve the gov-

erning equations followed by the numerical test presented in Section 4 with its corre-

sponding results. Finally some conclusions are given in last section. 

2 Governing Equations 

The governing equations of a natural convective fluid flow are the Navier-Stokes 

equations with the Boussinesq approximation which in Lagrangian form are 

 
𝐷𝐯

𝐷𝑡
= −

1

𝜌
∇𝑝 + 𝜈∇2𝐯 + 𝐚 + 𝐠𝛽(𝑇 − 𝑇𝑟) (1) 

 ∇ ∙ 𝐯 = 0 (2) 

 𝜌𝑐
𝐷𝑇

𝐷𝑡
= ∇ ∙ (𝑘∇𝑇) (3) 

where  is the density, 𝑇 is the fluid temperature, 𝑘 is the thermal conductivity, 𝐯 is 

the velocity, 𝑐 is the effective specific heat, 𝑝 is pressure, 𝜈 is the kinematic viscosity, 

𝐚 is the net acceleration vector due all body forces, 𝛽 is the volumetric thermal expan-

sion coefficient, 𝑇𝑟 is a reference temperature, 𝐠 is the gravitational acceleration vec-

tor and 𝑡 is time. The thermal problem is completed by specifying proper boundary 

and initial conditions. Typical boundary conditions for this kind of problem can be 

written as 

 𝐯|𝜕Ω𝑖
= 𝐛 (4) 

 𝑇|𝜕Ω𝑖
= 𝑇0 (5) 



3 

 𝜅∇𝑇|𝜕Ω𝑖
∙ 𝐧 = 𝑞 (6) 

where 𝜕Ω indicates the kind of boundary, 𝐛 is a prescribed value for the velocity, 𝑇0 

is the initial temperature, 𝐧 is the outward unitary normal vector on 𝜕Ω and 𝑞 is the 

local flux density, which could be zero for isolated boundaries or could be 𝑞 =
ℎ𝑐(𝑇 − 𝑇∞) + ℎ𝑟(𝑇 − 𝑇∞), where ℎ𝑐 is the convective heat transfer coefficient, 𝑇∞ is 

the ambient temperature and ℎ𝑟 is the radiative heat transfer coefficient which is pro-

portional to the Stefan – Boltzmann constant and the surface emissivity. 

3 Numerical Scheme 

Along this section we will describe some details regarding the numerical implementa-

tion of FPM applied to this problem. If an implicit first order Chorin’s projection 

method is used to uncouple the velocity and pressure fields in equations (1) and (2) 

and equation (3) is discretized using and implicit Euler scheme with respect to time 

we obtain the following numerical algorithm for 𝑇, 𝐯 and 𝑝: 

1. Move the point cloud: 

 𝐱𝑛+1 = 𝐱𝑛 + ∆𝑡𝐯𝑛 (7) 

2. Solve for the new temperature: 

 𝜌𝑐𝑇n+1 − ∆𝑡∇ ∙ (𝜅∇𝑇𝑛+1) = 𝜌𝑐𝑇n (8) 

3. Solve for the intermediate velocity: 

 𝐯∗n+1 − Δ𝑡𝜈∇2𝐯∗n+1 = 𝐟 (9) 

4. Solve for the pressure: 

 ∇2𝑝𝑛+1 =
𝜌

Δ𝑡
∇ ∙ 𝐯∗n+1

 (10) 

5. Compute the new velocity: 

 𝐯n+1 = 𝐯∗n+1 −
Δ𝑡

𝜌
∇𝑝n+1 (11) 

where 𝐯∗ is an intermediate velocity, 𝐟 = 𝐯n + Δ𝑡𝐚 + Δ𝑡𝐠𝛽(𝑇𝑛+1 − 𝑇𝑟), ∆t denotes 

the time step and the superscripts 𝑛 and 𝑛 + 1 denote the level of time. Equations (8), 

(9) and (10) are elliptic partial differential equations, which can be written in the fol-

lowing general form 

 𝐴𝑓 + 𝐁 ∙ ∇𝑓 + 𝐶∇2𝑓 = 𝐷 (12) 

and the boundary conditions take the general form 

 𝐸𝑓 + 𝐺∇𝑓 ∙ 𝐧 = 𝐻. (13) 
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3.1 The Finite Pointset Method 

In this section we describe the main ideas of the FPM method proposed by [7]. The 

FPM is a member of the family of the GFDM and it is based on the WLSM. Follow-

ing [10]: 

Let Ω be a given domain with boundary ∂Ω and suppose that a set of points r1, r2, 
⋯ , rN are distributed with corresponding function values f(r1), f(r2), ⋯, f(rN). The 

problem is to find an approximate value of f at some arbitrary location f(r) using its 

discrete values at particles positions inside a neighborhood of 𝐫. To define the set of 

particles and the neighborhood of 𝐫, a weight function 𝑤𝑖 is introduced 

 𝑤𝑖 = 𝑤(𝐫𝑖 − 𝐫; ℎ) = {𝑒
−𝛼

‖𝐫𝑖−𝐫‖
2

ℎ2 , ‖𝐫𝑖 − 𝐫‖ ≤ ℎ
0, otherwise

 (14) 

where  ℎ is the smoothing length, 𝛼 is a positive constant whose value is considered to 

be 6.5 and 𝐫𝑖 is the position of the 𝑖 - th particle inside the neighborhood. A Taylor's 

series expansion of f(𝐫𝑖) around 𝐫 reads 

𝑓(𝐫𝑖) = 𝑓(𝐫) + ∑ 𝑓𝑘(𝐫)(𝑟𝑘 𝑖
− 𝑟𝑘)3

𝑘=1 +
1

2
∑ 𝑓𝑘𝑙(𝐫)(𝑟𝑘 𝑖

− 𝑟𝑘)(𝑟𝑙𝑖
− 𝑟𝑙)

3
𝑘,𝑙=1 + 𝑒𝑖 (15) 

where 𝑒𝑖 is the truncation error of the Taylor's series expansion, 𝑟𝑘 𝑖
 and 𝑟𝑘 represent 

the 𝑘 - th components of the position vectors 𝐫𝑖 and 𝐫, respectively. 𝑓𝑘  and 𝑓𝑘𝑙 (𝑓𝑘𝑙 = 

𝑓𝑙𝑘) represent the set of first and second spatial derivatives at particle position 𝐫. The 

values of 𝑓𝑘  and 𝑓𝑘𝑙 can be computed minimizing the error 𝑒𝑖 for the np Taylor's series 

expansion of 𝑓(𝐫𝑖) corresponding to the np particles inside the neighborhood of 𝐫. 

This system of equations can be written in matrix form as 𝐞 =  M𝐚 –  𝒃, where e = 

[e1, e2, e3, ⋯ , enp]
t, a = [f, f1, f2, f3, f11, f12, f13, f22, f23, f33]

t, b = [f(𝐫1), f(𝐫2), ⋯, f(rnp)]
t, 

M = [s1, s2, ⋯ , snp]
t, si= [1, ∆r1i, ∆r2i, ∆r3i, ∆r11i, ∆r12i, ∆r13i, ∆r22i, ∆r23i, ∆r33i]

t, ∆rki = 

rki - rk, ∆rkli = (rki - rk) (rli – rl) and ∆rkki = 0.5(rki - rk) (rki – rk), for k, l = 1, 2, 3 and k ≠ 

l. The unknown vector a is obtained through WLSM by minimizing the quadratic 

form 

 𝐽 = ∑ 𝑤𝑖𝑒𝑖
2𝑛

𝑖=1  (16) 

which reads (Mt W M)a = (Mt W)b, where W = diag(w1, w2, ⋯ , wnp). Therefore, a = 

(Mt W M)-1 (Mt W)b. In this way we automatically get the values of the function and 

its derivatives at points 𝐫. 

3.2 FPM for General Elliptic Partial Differential Equations 

General elliptic partial differential equations as equation (12) have been already stud-

ied in [8]. Following their works we present, for completeness, the corresponding 

FPM discretization under this setting. In the FPM representation for a general elliptic 

equation, Equation (12) must be taken together with the system of np Taylor's series 

expansion of f(𝐫𝑖) around 𝐫. In this case, the matrices we need to compute by each 

particle in Ω take the following form: b = [f(𝐫1), f(𝐫2), ⋯, f(rnp), D]t, M = [s1, s2, ⋯ , 
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snp, sE]t, and W = diag(w1, w2, ⋯ , wnp, 1), where sE= [A, B1, B2, B3, C, 0, 0, C, 0, C]t 

and B = [B1, B2, B3]
t. If 𝐫𝑖 ∊ ∂Ω, additionally we have to add the general boundary 

condition (13). Therefore, in this case, the matrices we need to compute by each parti-

cle in ∂Ω take the following form: b = [f(𝐫1), f(𝐫2), ⋯, f(rnp), D, F]t, M = [s1, s2, ⋯ , 

snp, sE, sB]t, and W = diag(w1, w2, ⋯ , wnp, 1, 1), where sB= [E, n1, n2, n3, 0, 0, 0, 0, 0, 

0]t. 

If we define Q = [Q1, Q2, ⋯ Q10]
t as the first row of (Mt W M)-1 and the terms in 

the moving least squares solution a = (Mt W M)-1 (Mt W)b are worked out, we can see 

that the following linear equations arises 

𝑓(𝐫𝑗) = ∑ 𝑤𝑖(𝑄1 + 𝑄2∆𝑟1𝑖
+ 𝑄3∆𝑟2𝑖

+ 𝑄4∆𝑟3 𝑖
+ 𝑄5∆𝑟11 𝑖

+ 𝑄6∆𝑟12𝑖
+ 𝑄7∆𝑟13 𝑖

+
𝑛(𝑗)

  

 𝑄8∆𝑟22𝑖
+ 𝑄9∆𝑟23 𝑖

+ 𝑄10∆𝑟33𝑖
) 𝑓(𝐫𝑖) = [𝐴𝑄1 + 𝐵1𝑄2 + 𝐵2𝑄3 + 𝐵3𝑄4 (17) 

+(𝑄5 + 𝑄8 + 𝑄10)𝐶]𝐷 

where f(rj) denotes the unknown function value at particle j and n(j) the number of 𝑗-

th particle neighbours. Since equation (17) is valid for j = 1, 2, ⋯ ,N, this can be ar-

ranged in a full sparse system of linear equations LF = P which can be solved by it-

erative methods. Thus, all kind of problems such as equations (8 - 10) can be solved 

in this way, just adding appropriate entries in the systems of equations [8, 9, 11]. 

4 Numerical Example 

In order to validate the ability of this FPM formulation to simulate a natural convec-

tive flow, a simplified test is reported and compared with the corresponding FEM 

solution. It corresponds to a thermal flow in a squared cavity driven by natural con-

vection produced by a temperature difference in two opposite sides of a square cavity 

and it was selected since it is a popular benchmark to taste numerical methods. Initial-

ly the cavity fluid is at rest and its temperature is 𝑇0 = 𝑇ℎ. The cavity dimensions are 

0.05 m × 0.05 m and it was discretized with 2600 particles with a mean spacing of 

0.001 m. The smoothing length was selected as 0.0032 m. By other hand, the material 

properties are: coefficient of thermal expansion 𝛽 = 4 × 105 ◦C-1, dynamic viscosity 

𝜇 = 0.0025 kg m
-1

 s
-1

, density 𝜌 = 2500 kg m
-3

, gravitational acceleration 𝑔 =  9.81 

m s-2, heat capacity 𝑐 =  1046 J kg-1 ◦C-1 and thermal conductivity 𝑘 =  104.6 W m-

1◦C-1s-1. The hot wall is maintained at 𝑇ℎ  =  710 ◦C whilst the cold wall is at 

𝑇𝑐 =  610 ◦C. Therefore, the temperature difference between the opposite walls is 

∆𝑇0 = 100 ◦C. The remaining walls are thermally isolated. The time step was chosen 

as Δt = 0.01 s and the simulation was carried out for 21.5 s. Finally, on the cavity 

walls a no-slip boundary condition for the velocity was used. 
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Fig. 1. Velocity patterns (m/s) at selected time steps. 

 

Fig. 2. Temperature patterns (°C) at selected time steps. 

The velocity and temperature profiles are shown in Fig. 1 and 2. There, the veloci-

ty and temperature fields perfectly match the patterns predicted with FEM. These 

pictures indicate that this semi-implicit formulation of FPM performs well for the 

simulation of natural convective flows since the fluid and temperature patterns evolu-

tion is quite smooth and stable and the accuracy of the solutions is suitable. The max-

imum velocity in the patch calculated with this formulation of FPM through time is 

shown in Fig. 3 and it has been compared with the corresponding FEM solution. 

There the effectiveness of this scheme to model this thermohydrodynamic problem 

can be observed since the FPM results for the maximum velocity are quite similar to 

the corresponding values of the FEM computation. The small differences observed in 

the velocity profiles are directly attributed to the fact that our FPM solution was ob-
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tained with a complete Lagrangian and moving point cloud whilst the FEM simula-

tion was calculated with a fixed squared mesh. 

 

Fig. 3. Maximum velocity through time. 

To further study the stability of this FPM approach for the simulation of natural 

convective flows, the previous driven cavity example was recomputed considering 

four different temperature differences between the opposite walls around 660 °C, 

which are ∆𝑇 = 0.0625∆𝑇0 , ∆𝑇 = 0.25∆𝑇0, ∆𝑇 = 4∆𝑇0  and ∆𝑇 = 16∆𝑇0 , where the 

last and first examples were computed with a time step size of Δt = 0.02 s and Δt = 

0.005 s, respectively. The velocity patterns at 𝑡 = 21.5 s for all the previous cases are 

shown in Fig. 4. Here the stability of this approach can be perceived since the velocity 

profiles remain always smooth under different conditions. These results indicate that 

FPM is suitable and feasible for the simulation of natural convective flows. 

 

Fig. 4. Maximum velocities at 𝑡 = 21.5 s. 
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5 Conclusions 

The discussed semi-implict GFDM FPM approach to simulate natural convective 

flows was successfully implemented and reported. Based in the numerical perfor-

mance shown in the numerical examples we can conclude that the current approach is 

suitable and feasible for the simulation of natural and industrial processes where natu-

ral convective flows are involved. It is stable and has enough accuracy to capture the 

thermal flow evolution in a smooth manner. Since this formulation is a truly meshfree 

method it could be used for the study and analysis of more complex problems involv-

ing high deformations and domain fragmentations whit a great computational ad-

vantage because it does not need to compute any numerical quadrature and it does not 

need remeshing approaches. Further, it is able to naturally and easily handle any kind 

of boundary conditions without requiring any special treatment or stabilization and it 

is really simple to implement. Therefore, it could be a promising numerical tool for 

the simulation of natural and industrial processes involving complex thermal flows 

and other phenomena described with elliptic partial differential equations. Conse-

quently, it depicts a rich source of research opportunities. 
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