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Abstract 

In this work we propose a novel way to simulate solidification during continuous processes using a 
Generalized Finite Difference Method (GFDM). The meshfree nature of this approach gives the advantage of 
naturally capture the motion and phase boundaries reconstruction without the need of adaptive remeshing 
algorithms. This approach is based on the works of S. Tiwari, J. Kuhnert, E.O. Reséndiz-Flores and F.R. 
Saucedo-Zendejo, which provide a background to solve general elliptic equations in a meshfree framework 
and their application to solve multiphase and heat transfer problems. The features behind this approach, 
details of its implementation and numerical results of the simulation of two two-dimensional benchmarks 
problems are presented. 
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1. INTRODUCTION 

Continuous casting processes are the most widely used techniques for the production of steel billets, blooms 
and slabs. Such processes begin with a step in which molten metal is poured into a water-cooled mould 
where heat from the nearby metal to the mould walls is extracted causing its solidification. Once the metal 
leaves the mould cooling zone, it is further cooled in a secondary cooling zone where water is sprayed on 
the casting surface. This cooling process continues until the casting reaches the cut-off unit [1]. In order to 
get homogeneous casting products the control of the continuous process parameters as cooling rates, 
casting velocity, inlet velocities and the casting temperature is needed. Unfortunately, it is very difficult to 
improve and optimize the processes using experimental techniques since it is impossible to measure the 
velocity, temperatures, pressures and stresses fields, specially within the mould region where complex 
physical phenomena exist [2]. Numerical simulation is commonly used to improve different processes 
because it provides a large amount of information that cannot be obtained through other methods [3]. 

Numerical mesh-based methods such Finite Volume Method (FVM) [4], Finite Element Method (FEM) [5], 
Finite Difference Method (FDM) [6], and more recently, meshfree methods as Local Radial Basis Function 
Collocation Method (LRBFCM) [2], Oñate’s Finite Point Method (FPM) [7] and Element-free Galerkin Method 
(EFGM) [8] have already been used to analyze this kind of processes. The advantages of meshfree methods 
over mesh-based methods are that they use a set of finite nodes scattered within a problem domain as well 
as on its boundaries to represent the problem domain and its boundaries without requiring any information 
about the relationship between nodes so that they do not form an element mesh which lets to model 
discontinuities and deformations in the domain without the need to use remeshing approaches. Therefore, 
this fact provides the flexibility to add or remove nodes wherever and whenever needed and it lets to easily 
develop adaptive schemes. 

A truly meshfree Generalized Finite Difference Method (GFDM) is the so called Finite Pointset Method (FPM) 
developed by J. Kuhnert [9]. It has proven to be far superior to traditional mesh-based and some other 
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meshless methods to treat  fluid dynamics problems with rapidly changing domains, free surface or 
multiphase flows, and heat transfer problems [10, 11]. This is a Lagrangian strong-form method which uses 
the weighted least-squares (WLSM) interpolation scheme to approximate the spatial derivatives and to solve 
elliptic partial differential equations [10]. It has many advantages over other methods since it is able to 
naturally and easily incorporate any kind of boundary conditions without requiring any special treatment or 
stabilization and it is really simple to implement. Therefore, in this work we propose the application of Finite 
Pointset Method of Kuhnert to model heat transfer and solidification during continuous casting processes 
begin the first time, to the authors knowledge, that this method is applied in this particular research field. In 
order to get some insight on his performance we compare the numerical solution of two benchmark tests with 
experimental measurements and the predicted by other numerical methods. The structure of the paper is as 
follows: Section 2 shortly describes the partial differential equations that it is going to be considered. Section 
3 describes the basic ideas of FPM and the numerical procedure used to solve the governing equations 
followed by the numerical tests presented in Section 4 with the corresponding results. Finally some 
conclusions are given in last section. 

2. GOVERNING EQUATIONS 

The modeling of the solidification process will be done by means of the heat transfer equation which is given 
by 

                                                                                                                             (1) 

where  is the density (kg / m3), T is the fluid temperature (°C), k is the thermal conductivity (W / m·°C), v is 
the velocity (m / s), c is the effective specific heat (J / kg·°C) and t is time (s). The thermal problem is 
completed by specifying proper boundary and initial conditions. Typical boundary and initial conditions for 
this kind of problem can be written as 

                                                                                                                                                        (2) 

                                                                                                                                             (3) 

where ∂Ω indicates the kind of boundary, T0 is the initial temperature (°C), n is the outward unitary normal 
vector on ∂Ω and q is the local flux density (W / m2), which could be zero for isolated boundaries or could 
take the following forms: a) q = hc ( T - T ) in convection boundaries or b) q =  ( T 4 + T 4) on radiation 
cooling zones, where hc is the convective heat transfer coefficient (W / m2·°C), T is the ambient temperature 
(K),  is the Stefan – Boltzmann constant (5.67  10-8 W / m2·K4) and  is the surface emissivity (considered 
as 0.8). 

3. NUMERICAL PROCEDURE 

Along this section we will describe some details regarding the numerical implementation of FPM applied to 
this thermal problem in continuous casting. If we discretize Equation (1) using the implicit Euler scheme with 
respect to time we obtain 

                                                                     (4) 

where ∆t denotes the time step (s) and the superscripts n and n+1 denote the level of time for T. Equation 
(4), which is an elliptic partial differential equation, can be written in the following general form 

                                                                                                                                   (5) 
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where A, B, C and D are defined as: A =  c, B = ∆t ( cv - ∇k ), C = - ∆t k and D =  c Tn [11]. 

3.1. The Finite Pointset Method 

In this section we describe the main ideas of the FPM method proposed by [9]. The FPM is a member of the 
family of the GFDM. The method is based on the WLSM. Following [12]: 

Let Ω be a given domain with boundary ∂Ω and suppose that a set of points r1, r2, ⋯ , rN are distributed with 
corresponding function values f(r1), f(r2), ⋯, f(rN). The problem is to find an approximate value of f at some 
arbitrary location f(r) using its discrete values at particles positions inside a neighborhood of r. To define the 
set of particles and the neighborhood of r, a weight function w ( r – ri ) is introduced 

                                                                                                               (6) 

where h is the smoothing length, α is a positive constant whose value is considered to be 6.5 and ri is the 
position of the i - th particle inside the neighborhood. A Taylor's series expansion of f(ri) around r reads 

                                                               (7) 

where ei is the truncation error of the Taylor's series expansion, rki and rk represent the k - th components of 
the position vectors ri and r, respectively. fk and fkl (fkl = fkl) represent the set of first and second spatial 
derivatives at particle position r. The values of fk and fkl can be computed minimizing the error ei for the np 
Taylor's series expansion of f(ri) corresponding to the np particles inside the neighborhood of r. This system 
of equations can be written in matrix form as e = M a – b, where e = [e1, e2, e3, ⋯ , enp]t, a = [f, f1, f2, f3, f11, f12, 
f13, f22, f23, f33]t, b = [f(r1), f(r2), ⋯, f(rnp)]t, M = [s1, s2, ⋯ , snp]t, si= [1, ∆r1i, ∆r2i, ∆r3i, ∆r11i, ∆r12i, ∆r13i, ∆r22i, ∆r23i, 
∆r33i]t, ∆rki = rki - rk, ∆rkli = (rki - rk) (rli – rl) and ∆rkki = 0.5(rki - rk) (rki – rk), for k, l = 1, 2, 3 and k ≠ l. The 
unknown vector a is obtained through WLSM by minimizing the quadratic form 

                                                                                                                                                    (8) 

which reads (Mt W M)a = (Mt W)b, where W = diag(w1, w2, ⋯ , wnp). Therefore, a = (Mt W M)-1 (Mt W)b. In this 
way we automatically get the values of the function and its derivatives at points r. 

3.2. FPM form for general elliptic partial differential equations 

General elliptic partial differential equations as Equation (5) have been already studied in [10]. Following 
their works we present, for completeness, the corresponding FPM discretization under this setting. In the 
FPM representation for a general elliptic equation, Equation (5) must be taken together with the system of np 
Taylor's series expansion of f(ri) around r. In this case, the matrices we need to compute by each particle in 
Ω take the following form: b = [f(r1), f(r2), ⋯, f(rnp), D]t, M = [s1, s2, ⋯ , snp, sE]t, and W = diag(w1, w2, ⋯ , wnp, 1), 
where sE= [A, B1, B2, B3, C, 0, 0, C, 0, C]t and B = [B1, B2, B3]t. 

If ri ∊ ∂Ω, additionally we have to add the corresponding boundary conditions in the system of equations. For 
the special case of this solidification problem, the boundary conditions (3) have the general form 

                                                                                                                                               (9) 

Therefore, in this case, the matrices we need to compute by each particle in ∂Ω take the following form: b = 
[f(r1), f(r2), ⋯, f(rnp), D, F]t, M = [s1, s2, ⋯ , snp, sE, sB]t, and W = diag(w1, w2, ⋯ , wnp, 1, 1), where sB= [E, n1, n2, n3, 
0, 0, 0, 0, 0, 0]t. 
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If we define Q = [Q1, Q2, ⋯ Q10]t as the first row of (Mt W M)-1 and the terms in the moving least squares 
solution a = (Mt W M)-1 (Mt W)b are worked out, we can see that the following linear equations arises 

                                   (10) 

where f(rj) denotes the unknown function value at particle j and n(j) the number of j-th particle neighbours. 
Since equation (10) is valid for j = 1, 2, ⋯ ,N, this can be arranged in a full sparse system of linear equations 
LT = P which can be solved by iterative methods. Thus, all kind of solidification and thermal problems such 
as Equations (1, 5) can be solved in this way, just adding appropriate entries in the systems of equations [10, 
11]. 

4. NUMERICAL EXAMPLES 

In order to validate the ability of FPM fomulation to simulate the solidification and thermal behavior in 
continuous casting processes, two simplified solidification tests of steel blooms are reported and compared 
with published experimental and numerical data [6, 7]. The numerical simulation of the solidification was 
carried out over transverse slices of a steel bloom considering variable material properties. In this way, the 
problem domain consisted in a rectangular metal sheet that was discretized with a set of nonstructured 
nodes. For both cases, the effective specific heat was considered as 

                                                                                                                 (11) 

where Hf is latent heat (J / kg), Cp(T) is the specific heat, TS is the solidus temperature, TL is the liquidus 
temperature, fs and Cm(T) are the solid fraction and the specific heat in the mushy zone. In the mushy zone, 
the thermal properties were calculated as fs = (TL - T) / (TL – TS), k = kS fs + kL(1 - fs), Cm = CpSfs + CpL(1 - fs), 
=Sfs+L(1 - fs). 

4.1. Example 1 

The first continuous casting case considered is that previously studied by Alizadeh et al. in [7]. The practical 
conditions for this case are as follow. Mould dimensions: 0.23  0.25 m, mould lenght: 0.78 m, casting 
velocity: 0.75 m / min, mould level: 85 %, T0 = 1530 °C, TL = 1492 °C, TS = 1372 °C, kL=39 W / m·K, kS = 
21.6+8.3510-3T [W / m·K], L = 7965.98 - 0.619T [kg / m3], S = 8105.91 - 0.5091T [kg / m3], CpL=824.6157 
J / kg·K, CpS = 429.849 + 0.1498T [J / kg·K], Hf = 243000 J / kg, where the unit for use with T in the 
expressions above is °C. The solution of this example has been obtained with a discretized domain of 9300 
particles with a spacing of 0.0025 m. The smoothing length used in this simulation was ℎ = 0.00875 m with a 
time step ∆t =0.1 s. The boundary conditions for the bloom surface are divided in three main regions. The 
first corresponds to the mould region where a boundary condition with exactly the form of Equation 3 is 
applied. For details regarding with the calculation and the evolution of q with the distance from the meniscus 
we refer to the explained in [7]. Next, in the secondary cooling zone, the water sprayed produces a 
convection boundary condition with three different convective heat transfer coefficients: 512, 373 and 256 W 
/ m2·K. The zones are delimited by the following distances from the meniscus, 1 m and 2.8 m. Finally, 
starting at 6.5 m from the meniscus, the secondary cooling zone is over and there is started a radiation 
cooling region. The simulation results for this case are shown in Figure 1. These results show an excellent 
agreement between the surface temperature of the bloom predicted by the formulation proposed in this 
paper and the numerical and experimental results in [7]. This indicates that FPM performs well to simulate 
the heat transfer during continuous casting processes and has enough accuracy to capture this thermal 
behavior. 
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Figure 1 a) Surface temperature predicted by FPM, and measured and simulated data in [7], b) temperature 
profile and c) solidification profile in the bloom computed by FPM for the Example 1. 

4.2. Example 2 

The benchmark case considered here corresponds to the first case studied by Ramírez-López et al in [6]. In 
this case, the practical conditions are: Mould dimensions: 0.16  0.16 m, mould lenght: 0.628 m, casting 
velocity: 2.5 m / min, T0 = 1500 °C, TL = 1499.14 °C, TS = 1451.23 °C, whilst remaining material properties 
were taken as in the Example 1. The solution of this example has been obtained with a discretized domain of 
9500 particles with a spacing of 0.0016 m. The smoothing length used in this simulation was ℎ = 0.0055 m 
with a time step ∆t =0.05 s. In this test, the boundary conditions are divided also in three main regions. The 
first corresponds to the mould region where one more time a boundary condition as Equation 3 is applied. 
Next, in the secondary cooling zone, the water sprayed produces convection like boundary conditions, but in 
this case the configuration of the water sprays is taken into account. For details regarding the treatment of 
the last two kinds of boundary conditions we refer to [6]. Finally, as in the previous case, starting at 7.95 m 
from the meniscus, the secondary cooling zone is over and there is started a radiation cooling region. The 
simulation results for this case are shown in Figure 2. These results show an excellent agreement between 
the surface temperatures and the solidified shell thickness of the bloom computed by the FPM and the 
numerical and experimental results in [6]. There, minor differences in the surface temperatures can be 
observed which are directly attributed to the fact that in this work the thermal behaviors of some material 
properties were taken as in Example 1. However, these results show the effectiveness of this approach to 
model the thermal behavior and the evolution of the solidified shell thickness in continuous casting 
processes.

 

Figure 2 a) Surface temperature predicted by FPM, and measured and simulated data in [6], b) temperature 
and solidification profiles simulated in [6], c) temperature profile and d) solidification profile in the bloom 

computed by FPM for the Example 2. 
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5. CONCLUSION 

We have successfully implemented and reported for the first time and to the authors knowledge, the 
application of a GFDM as the FPM for the analysis of heat transfer and solidification processes in continuous 
casting. Based on the numerical performance shown in the numerical examples we can conclude that this 
approach can be used to successfully solve these kinds of processes in continuous casting. Since this 
approach is a truly meshfree method it can be used for the analysis of more complex physical phenomena in 
continuous casting as the coupling of heat transfer and fluid flow, thermo-mechanical processes and 
cracking growths. In this sense FPM is promising since it is a feasible much simpler for implementation and it 
is able to naturally and easily incorporate any kind of boundary conditions without requiring any special 
treatment or stabilization. 
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